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Abstract: This article presents a methodology for teaching interval analysis in economic modeling, using the Leontief 

input-output model as a case study implemented in the GNU Octave environment. The limitations of 

traditional deterministic, probabilistic, and fuzzy approaches are discussed, particularly their reliance on 

precise data or subjective assumptions that hinder educational applications. Interval analysis, which 

formalizes uncertain parameters through guaranteed bounds, is shown to be methodologically preferable for 

economic problems characterized by incomplete information and statistical data scarcity. A complete 

computational workflow is developed using the freely available GNU Octave interval package (version 3.2.1), 

which fully implements the IEEE 1788-2015 standard for interval arithmetic. The paper provides a detailed 

algorithm for interval input-output balance problems and demonstrates its application to a three-sector 

economic system with 5% data variation. Through comparative analysis, it is shown th at deterministic 

planning based on average values leads to underproduction and overproduction risks under worst-case 

scenarios, while the interval approach provides guaranteed planning ranges. The pedagogical value of this 

approach is emphasized: it develops critical thinking, fosters robust analysis skills, and prepares future 

specialists for decision-making under real-world uncertainty. All code is provided for full reproducibility, 

making the methodology directly applicable in educational settings. 

1 INTRODUCTION 

In the context of the modern economy, decision-
making is often complicated by the presence of 

incomplete, inaccurate, or uncertain information. To 
describe uncertain data, probabilistic-statistical, 
fuzzy, interval, or their hybrid models are primarily 
used. Each of these has its own characteristics, 
advantages, and areas of application. However, for 
educational purposes and practical application under 

conditions of limited information, interval methods 
appear to be the most preferable [1]. 

Probabilistic-statistical models allow for risk 
assessment, forecasting, and the consideration of 
stochastic dependencies, but for educational 
purposes, they require knowledge of probability 

theory, sufficient statistical data, and the formulation 
and testing of hypotheses about probability 

distributions. They can sometimes be excessive when 
information is limited only to value boundaries [2]. 

Consequently, the application of this approach poses 
certain difficulties for students, such as the need for a 
high level of mathematical preparation and the use of 
specialized software for calculations, among others. 

Fuzzy models utilize the concept of a fuzzy set 
and a membership function, which are defined 

through expert judgment [3], [4]. Formally, a fuzzy 
set 𝑋 in 𝑈 (the universe of discourse) is defined as the 
set of points 

𝑋: = {(𝑥, 𝜇(𝑥))|𝑥 ∈ 𝑈, 0 ≤ 𝜇(𝑥) ≤ 1}, 

where the membership function is given by the 
mapping 

𝜇(𝑥): 𝑈 → [0,1]. 
Fuzzy models allow working with qualitative, 

linguistic assessments, such as “high demand” or 
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“low risk” in economic problems. However, this 
approach has certain drawbacks for educational 
purposes, such as the subjectivity in defining 
membership functions, the complexity of interpreting 

results, and its relatively lower prevalence in classic 
economic models. As it requires an understanding of 
fuzzy set theory, it may appear abstract without a 
clear connection to numerical data. 

In interval models, the uncertainty of parameters 
is formalized by specifying the boundaries of their 

possible values—that is, described by a standard 
interval of the form 𝑥 ∈ [𝑥𝑚𝑖𝑛 ,𝑥𝑚𝑎𝑥]. An important
methodological distinction from probabilistic 
approaches is that, within a given interval, all values 

are considered equally possible, without the need to 
invoke any hypotheses about a probability 
distribution law [1]-[3], [5]. This allows for the 
abandonment of assumptions about the nature of 
uncertainty, which are often difficult to justify with 
limited initial information. Additionally, it does not 

require the involvement of experts, unlike methods of 
fuzzy set theory. 

According to research, in areas such as input-
output balance modeling, economic stability 
assessment, long-term forecasting, and investment 
risk analysis, interval methods provide robust and 

meaningfully interpretable results while maintaining 
computational accessibility and clarity [5], [6]. Due 
to these properties, the interval approach is actively 
being introduced into the practice of economic 
analysis and decision-making and is also becoming a 
sought-after tool in educational environments. 

This article examines the application of the 
interval model as a methodological tool for preparing 
students to solve economic problems under 
conditions of uncertainty. As a specific example, the 
classical linear input-output model (Leontief model) 
is used, reformulated in an interval formulation. It is 

demonstrated how the transition from deterministic 
coefficients to interval ones not only allows for the 
consideration of initial data inaccuracy but also helps 
develop in students a systemic understanding of the 
stability of economic calculations, solution 
variability, and methods of guaranteed estimation 

within the framework of economic planning and 
forecasting tasks. 

A key element of the proposed approach is the use 
of the freely distributed interval package for the GNU 
Octave environment [7]. The GNU Octave 
environment itself is also freely distributed (open 

source), which makes it an ideal tool for educational 
institutions with limited financial resources, allowing 
students to independently install the software and 
perform practical tasks both in the classroom and 

beyond. The interval package implements the IEEE 
1788-2015 standard for interval arithmetic [8], 
ensuring the rigor, reliability, and reproducibility of 
the obtained results. This enables students not only to 

perform computations with interval data but also to 
visually compare deterministic and interval estimates, 
as well as to reproduce the results presented in this 
article. Thus, the GNU Octave interval package 
serves not merely as a computational tool, but also as 
a means of developing practical competencies in the 

analysis of economic systems under uncertainty. 

2 FUNDAMENTAL CONCEPTS 

AND NOTATION IN INTERVAL 

ANALYSIS 

The notation system in interval analysis, established 
in international scientific publications and effectively 
serving as an informal standard [9], dictates that 
interval quantities are typeset in  bold font. For 
instance, the interval matrix of direct input 

coefficients is denoted as 𝑨, and the interval vector of 

final demand as 𝒚. This distinction allows for an 
unambiguous separation of interval objects from 
point (deterministic) quantities, which enhances the 
readability and rigor of mathematical formulations 
when formalizing models under uncertainty. 

In interval analysis, an interval is understood as an 

object of the form 𝒂 = [𝑎, 𝑎̄] ⊂ ℝ, representing a 

closed and bounded subset of the real line. The set of 

all intervals is typically denoted as 𝕀ℝ. An interval 

𝒂 ∈ 𝕀ℝ formally defines all admissible values of the 
considered quantity as a continuous range from the 

lower bound 𝑎 to the upper bound 𝑎̄. This allows for 

treating uncertainty as a set of possible states, without 
requiring additional probabilistic or fuzzy 
specifications. 

Below are some basic characteristics of the 

interval 𝑥 = [𝑥, 𝑥̄] [10]: 

▪ mid 𝑥 =
𝑥+𝑥̄

2
 - the midpoint (center),

▪ rad 𝑥 =
𝑥̄−𝑥

2
- the radius.

Arithmetic operations in interval analysis are 
generally expressed as: 

𝑥 ∘ 𝑦 = {𝑥 ∘ 𝑦|𝑥 ∈ 𝑥, 𝑦 ∈ 𝑦}, where ∘∈ {+,−,⋅,/}. 

Interval arithmetic operations in a more expanded 

form for two intervals 𝒙 = [𝒙, 𝒙̄] and 𝑦 = [𝑦, 𝑦̄] are 

defined as follows: 

𝒙 + 𝒚 = [𝑥 + 𝑦, 𝑥̄ + 𝑦̄], 
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𝒙 − 𝒚 = [𝑥 − 𝑦̄, 𝑥̄ − 𝑦], 

𝑥 ⋅ 𝑦 =

[min {𝑥𝑦, 𝑥𝑦̄, 𝑥̄𝑦, 𝑥̄𝑦̄} , max {𝑥𝑦,𝑥𝑦̄, 𝑥̄𝑦, 𝑥̄𝑦̄}], 𝑥/𝑦 =

𝒙 ⋅ [1/𝑦̄, 1/𝑦]. 

All these operations can be applied 
componentwise to interval matrices and vectors [11]. 
An interval matrix and an interval vector are defined 
as subsets of point (real) matrices and vectors, 
respectively. For example, a square matrix of 

dimension 𝑛 × 𝑛 is denoted as: 

𝑨: = [𝐴, 𝐴̄] = {𝐴 ∈ ℝ𝑛×𝑛|𝐴 ≤ 𝐴 ≤ 𝐴̄},

and an interval vector in n-dimensional space is 
defined as: 

𝒃: = [𝑏, 𝑏̄] = {𝑏 ∈ ℝ𝑛|𝑏 ≤ 𝑏 ≤ 𝑏̄}. 

Thus, the midpoint matrix and the radius matrix are 
defined respectively as follows: 

mid 𝐀 =
1

2
(𝐴 + 𝐴̄) and rad 𝐀 =

1

2
(𝐴̄ − 𝐴).

3 FORMALIZATION OF THE 

LEONTIEF MODEL UNDER 

INTERVAL PARAMETER 

UNCERTAINTY 

Let us consider a specific point in time, say year 𝑇0, 
for which an input-output balance report has been 
compiled based on final data over a fixed period. The 
report is presented in the following tabular form [12] 
(Table 1): 

Table 1: The input-output table structure. 

𝑧11 𝑧12 … 𝑧1𝑛 𝑑1

𝑧21 𝑧22 … 𝑧2𝑛 𝑑2

⋯ ⋯ ⋯ ⋯ ⋯ 

𝑧𝑛1 𝑧𝑛2 … 𝑧𝑛𝑛 𝑑𝑛

Based on the tabular representation above, we can 

now formulate the classical input-output balance 
equations. Let us introduce the following notation: 
▪ 𝑧𝑖𝑗— the volume of output from sector 𝑖

consumed by sector 𝑗 (inter-industry flows);
▪ 𝑑𝑗 — the gross output of sector 𝑗;

▪ 𝑐𝑗 — the final demand (consumption) of

sector j’s output, defined as:

𝑐𝑗 = 𝑑𝑗 − ∑ 𝑧𝑖𝑗

𝑛

𝑗=1

, 𝑗 = 1, … , 𝑛. 

To obtain the classical Leontief model, we 
introduce the direct input coefficients: 

𝑎𝑖𝑗 =
𝑧𝑖𝑗

𝑑𝑗
, 𝑖, 𝑗 = 1,2, … , 𝑛. 

The coefficient 𝑎𝑖𝑗 represents the amount of

output from sector 𝑖 required to produce one unit of 
gross output in sector 𝑗. Hence, 

To achieve a gross output volume 𝑥𝑗 in sector 𝑗, it
is necessary and sufficient to incur production inputs 
in the amounts 𝑥𝑗𝑎𝑖𝑗 for each 𝑖 = 1, … , 𝑛. The portion

of total gross output allocated to inter-industry 

consumption is described by the vector 

(∑ 𝑎1𝑗𝑥𝑗
𝑛
𝑗=1 , ∑ 𝑎2𝑗𝑥𝑗, … , ∑ 𝑎𝑛𝑗𝑥𝑗

𝑛
𝑗=1

𝑛
𝑗=1 ). 

In matrix notation, the vector of production inputs 

is expressed as 𝐴𝑥. Consequently, the remainder 𝑐 =
𝑥 − 𝐴𝑥 represents the output available for non-
productive consumption and accumulation. 

In production planning for the time period [𝑇0 , 𝑇],
the problem is formulated in reverse: given a final 

consumption vector 𝑐, we seek a gross output vector 
𝑥 satisfying:  

𝑥 − 𝐴𝑥 = 𝑐, 𝑥 ≥ 0, (1) 

Equation (1), known as the linear equation of 
inter-industry economic balance, is the classical 
Leontief equation [12], [13]. 

In real economic conditions, the exact values of 

the direct input coefficients 𝑎𝑖𝑗 and final consumption

volumes 𝑐 are often unknown. This is due to the 
variability of economic processes and other 
uncertainty factors [14], [15]. In such situations, it is 
natural to transition to an interval representation of 
the model parameters. 

When transitioning to an interval formulation, 
point values of the parameters are replaced with their 

interval counterparts: 𝐴 = (𝑎𝑖𝑗) = ([𝑎𝑖𝑗 , 𝑎̄𝑖𝑗]).
Similarly, interval constraints can be imposed on the 
final consumption vector 𝒄 ∈ 𝕀ℝ𝑛. Thus, the problem

is to determine the set of gross output vectors 𝒙 ∈ 𝕀ℝ𝑛

that correspond to all admissible realizations of the 
parameters within the given intervals.

Based on the assumptions above, we formulate the 
input-output balance equations in interval form 
as [12], [13]:

𝑥 = 𝐴𝑥 + 𝑐, 𝑥 ≥ 0, (2) 

where: 𝐴 = (𝑎𝑖𝑗) ∈ 𝕀ℝ𝑛×𝑛 is the interval matrix of

direct input coefficients; 𝒄 ∈ 𝕀ℝ𝑛 is the interval 
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vector of final consumption, and 𝑥 ∈ 𝕀ℝ𝑛 is the
desired interval vector of gross output. The symbol 

𝕀ℝ denotes the set of real intervals [10]. 
To analyze problem (2), we state the following 

formulation: 

For what production levels 𝑥 does the resulting 
final demand vector guaranteed belong to the 

prescribed intervals с, for all admissible values of the 
technological coefficients 𝑎𝑖𝑗 ∈ 𝑎𝑖𝑗?

This formulation formally corresponds to finding 

the tolerance solution set 𝛯tol(𝐿, 𝑐) of the interval
system of equations [5]: 

𝐿𝑥 = 𝑐, (3) 

where 𝐿 = 𝐼 − 𝐴 is called the interval Leontief matrix 

and 𝐼 ∈ ℝ𝑛×𝑛 is the identity matrix. The tolerance
solution set of the interval system (3) is defined as the 
set  

𝛯tol(𝐿, 𝒄) = {𝑥 ∈ ℝ𝑛|(∀𝐿 ∈ 𝐿)(∃𝑐 ∈ 𝑐)(𝐿𝑥 = 𝑐)} 
= {𝑥 ∈ ℝ𝑛|(∀𝐿 ∈ 𝐿)(𝐿𝑥 ∈ 𝑐)},

consisting of all real vectors 𝑥 ∈ ℝ𝑛, such that the

product 𝐿𝑥 falls within 𝑐 for every 𝐿 ∈ 𝐿. This set is 
of particular interest in guaranteed (robust) planning 
problems, where the decision maker requires 
certainty that constraints will be satisfied under all 
admissible scenarios [5], [8]. 

If its inverse 𝐿−1 exists, then a solution to equation 
(3) exists. Furthermore, if for every nonnegative

vector 𝑐 ∈ 𝒄 there exists a nonnegative solution to
system (3), then the interval model (and
consequently, the interval Leontief matrix) is said to
be productive. It should also be noted that, from a
mathematical standpoint, the productivity of this
model is related to the spectral properties
(eigenvalues) of the Leontief matrix [16].

4 ALGORITHM FOR SOLVING 

THE INTERVAL INPUT-

OUTPUT BALANCE PROBLEM 

Consider an input-output balance table for n sectors 
as in Table 1, but now with all data given in interval 
form: 

▪ 𝑧𝑖𝑗 = [𝑧𝑖𝑗 , 𝑧̄𝑖𝑗] — interval inter-industry flows

from sector 𝑖 to sector 𝑗;
▪ 𝑑𝑗 = [𝑑𝑗 , 𝑑̄𝑗] — interval gross output of sector

j.

The goal is to compute interval estimates for:

▪ the direct input coefficients matrix 𝐴 = (𝑎𝑖𝑗);
▪ the final demand vector 𝑐 = (𝑐𝑖);

▪ the gross output plan 𝒙 = (𝒙𝑖), such that the
balance equations hold for all admissible

parameter realizations.

Algorithm. Interval Input-Output Balance with 
Guaranteed Planning. 

Input: Interval consumption 𝑧𝑖𝑗 = [𝑧𝑖𝑗 , 𝑧̄𝑖𝑗],

interval gross output 𝑑𝑖 = [𝑑𝑖, 𝑑̄𝑖].
Output: Interval direct input coefficients 𝑎𝑖𝑗 =

[𝑎𝑖𝑗 , 𝑎̄𝑖𝑗], interval final demand 𝑐𝑖 = [𝑐𝑖, 𝑐̄𝑖], interval

gross output plan 𝑥𝑖 = [𝑥𝑖, 𝑥̄𝑖].
Step 1: Compute 𝑎𝑖𝑗 using interval division: 𝑎𝑖𝑗 =

𝑧𝑖𝑗/𝑑̄𝑗, 𝑎̄𝑖𝑗 = 𝑧̄𝑖𝑗/𝑑𝑗.

Step 2: Compute final demand: 𝑐𝑖 = 𝑑𝑖 − ∑ 𝑧̄𝑖𝑗𝑗 ,

𝑐̄𝑖 = 𝑑̄𝑖 − ∑ 𝑧𝑖𝑗𝑗 .

Step 3: Verify productivity: if 𝑐̄𝑖 < 0 for any 𝑖,
model is non-productive. 

Step 4: Form Leontief matrix 𝐿 = 𝐼 − 𝐴 with 
interval arithmetic. 

Step 5: Solve 𝐿𝑥 = 𝑐 using interval linear system 

solver (e.g., mldivide in GNU Octave). 

Step 6: Check non-negativity: if 𝑥𝑖 < 0, issue

warning. 

Step 7: Output matrices 𝐴, 𝑐, and 𝑥. 

5 APPLICATION 

This section considers the practical application of the 
GNU Octave interval package for the analysis of a 
three-sector economic system based on the Leontief 
input-output model. A complete cycle of interval 
analysis is demonstrated using a concrete example: 

from constructing interval data with a given variation 
(5%) to obtaining guaranteed interval estimates of 
gross output. The program code in the GNU Octave 
environment is provided with detailed comments, 
allowing all calculations to be reproduced. Based on 
a comparative analysis of deterministic and interval 
approaches, the effectiveness of the interval method 

for planning problems under uncertainty and its 
advantages over the classical point-based approach 
are shown. 

5.1 The GNU Octave Interval Package: 
Features and Educational Benefits 

For solving interval analysis problems such as those 
considered in this paper, various software tools 
capable of operating with interval data exist. The 

most popular modern tools include: Intlab for 
MATLAB [17], IntervalArithmetic.jl for Julia [18], 
intvalpy for Python [19], and octave-interval for 
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GNU Octave [7]. Each of these packages implements 
interval arithmetic standards and provides powerful 
computational capabilities. 

Among these tools, the GNU Octave interval 

package is the most suitable for educational purposes 
due to the following advantages: 
▪ Integration into Octave core: Since GNU

Octave 4.0.1, the interval package is included
in the official Windows distribution and
requires no separate installation, simplifying

initial setup for students and instructors.
▪ Free distribution: GNU Octave and its interval

package are open-source, allowing use in
educational institutions with any budget
without expensive licenses.

▪ Cross-platform compatibility: The package

runs on Windows, Linux, and macOS, ensuring
uniformity of the educational process
regardless of students’ technical equipment.

▪ Low system requirements: Octave can function
even on outdated hardware, which is especially
important for institutions with limited

resources.
▪ IEEE 1788-2015 compliance: The package

fully implements the IEEE 1788-2015 standard
for interval arithmetic [16], guaranteeing rigor,
reliability, and reproducibility of results.

▪ Ease of learning: Octave’s MATLAB-like

syntax facilitates students' future transition to
professional tools, while extensive
documentation and an active user community

simplify the learning process.

In this section, we use this package to analyze a 
three-sector economic system based on the Leontief 

model. All computations were performed in GNU 
Octave 9.3.0 using the interval package version 3.2.1, 
compliant with the IEEE 1788-2015 standard. 

5.2 Problem Statement: a Three-Sector 
Economic System 

To demonstrate the practical application of the 
interval approach, we consider a three-sector 
economic system based on real statistical data. The 

following sectors are selected for analysis: 
1) Sector 1: Extraction and processing of

hydrocarbons (oil, gas, petroleum products);
2) Sector 2: Electric power industry (electricity

generation and distribution);
3) Sector 3: Mechanical engineering (industrial

equipment, machinery).

The initial data for the reporting period (e.g., year) 
are presented in the form of an input-output balance 

table (see Table 2). All values are given in 
conventional monetary units (c.u.). 

Table 2: Input-output balance for the three-sector economy 
(deterministic case). 

Sector 
Consumption Gross Output 

𝑧𝑖1 𝑧𝑖2 𝑧𝑖3 𝑑𝑗

1 5 25 10 50 

2 10 10 20 100 

3 20 10 19 70 

In real economic conditions, precise values of 
input-output flows are rarely known with absolute 

certainty. Statistical data inevitably contain 
measurement errors, and economic processes are 
subject to fluctuations. To account for this 
uncertainty, we introduce a ±5% variation for all 
elements of the balance table. Applying this variation 
to the data from Table 2, we obtain the following 

interval matrices and vectors: 
Interval consumption matrix: 

𝑍 = (
[4.75,5.25] [23.75,26.25] [9.5,10.5]
[9.5,10.5] [9.5,10.5] [19.0,21.0]

[19.0,21.0] [9.5,10.5] [18.05,19.95]

), 

and interval gross output vector: 

𝑑 = ([47.5,52.5], [95.0,105.0], [66.5,73.5])𝑇. 

Using the interval data 𝑍 and 𝑑, we need to find: 
1) The interval matrix of direct input coefficients

𝐴 = (𝑎𝑖𝑗), where each element is computed as:

𝑎𝑖𝑗 =
𝒛𝑖𝑗

𝒅𝑗
= [

𝑧𝑖𝑗

𝑑̄𝑗
,

𝑧̄𝑖𝑗

𝑑𝑗
]. 

2) The interval vector of final demand 𝒄 = (𝒄𝑖),
where:

𝑐𝑖 = 𝑑𝑖 − ∑ 𝑧𝑖𝑗
3
𝑗=1 = [𝑑𝑖 − ∑ 𝑧̄𝑖𝑗

3
𝑗=1 , 𝑑̄𝑖 − ∑ 𝑧𝑖𝑗

3
𝑗=1 ]. 

3) The interval gross output plan 𝑥 = (𝑥𝑖) that
satisfies the interval Leontief equation:

𝑥 = 𝐴𝑥 + 𝑐, 𝑥 ≥ 0. 

The solution 𝑥 must be such that for any 

realization of the uncertain parameters 𝑎𝑖𝑗 ∈ 𝑎𝑖𝑗  and

𝑐𝑖 ∈ 𝑐𝑖, there exists a non-negative gross output
vector satisfying the balance equations. This 

corresponds to finding the tolerance solution set of 
the interval system, which provides guaranteed 
(robust) planning intervals. 
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5.3 Implementation in GNU Octave 

This subsection presents the complete 
implementation of the interval input-output balance 
problem in GNU Octave using the interval package. 
All calculations are performed for the three-sector 
economic system described in Subsection 5.2. 

Before executing the code, the interval package 
must be loaded. If not already installed, it can be 
installed using the command: 

pkg install -forge interval, 

in the Octave console. Once installed, the package is 
loaded with the command pkg load interval. 

The complete GNU Octave implementation of the 
proposed interval input-output balance algorithm is 
presented in Listing 1. The implementation 
demonstrates the construction of the interval 
technological coefficient matrix, computation of 
interval final demand, and solution of the interval 
Leontief system. 

% Input: interval consumption matrix Z and 

gross output vector d 

Z = infsup([4.75 23.75 9.5; 9.5 9.5 19.0; 19.0 

9.5 18.05], ... 

[5.25 26.25 10.5; 10.5 10.5 21.0; 

21.0 10.5 19.95]); 

d = infsup([47.5; 95.0; 66.5], [52.5; 105.0; 

73.5]); 

% Step 1: Direct input coefficients A = Z ./ 

d' 

A = Z ./ d'; 

% Step 2: Final demand c = d - sum(Z, 2) 

c = d - sum(Z, 2); 

% Step 3: Leontief matrix L = I - A and solve 

Lx = c 

I = eye(3); 

L = I - A; 

x = L \ c;  % mldivide solver 

% Display results 

printf("\nInterval direct input coefficients 

A:\n"); disp(A); 

printf("\nInterval final demand c:\n"); 

disp(c); 

printf("\nInterval gross output plan x:\n"); 

disp(x); 

Listing 1: Complete GNU Octave code for the three-
sector economic system. 

As shown in Listing 1, the technological 
coefficient matrix is computed directly from the 
interval consumption matrix and gross output vector. 
The resulting interval linear system is then solved 
using the mldivide (backslash) operator, which is the 
recommended solver for interval systems in GNU 
Octave. 

Reproducibility statement. All numerical 
experiments were performed in GNU Octave 9.3.0 
using the interval package version 3.2.1 

implementing the IEEE 1788-2015 standard for 
interval arithmetic. 

The complete source code used to reproduce the 
results is provided in Listings 1–3 of this paper and 
can be executed directly in the GNU Octave 
environment without modification. 

5.4 Results Analysis and Comparative 
Discussion 

This subsection presents the computational results 
obtained from running the GNU Octave code 
described in Subsection 5.3. A comparative analysis 
is conducted between the deterministic (point-based) 
approach and the interval approach to demonstrate the 
advantages of interval methods for planning under 
uncertainty. 

Executing the code in Listing 1 produces the 
following interval matrices and vectors: 

𝐴 =

(
[0.0905,0.1105] [0.2262,0.2763] [0.1293,0.1579]
[0.1810,0.2211] [0.0905,0.1105] [0.2585,0.3158]

[0.3619,0.4421] [0.0905,0.1105] [0.2456,0.3000]

), 

𝑐 = ([4.50,15.50], [52.50,67.50], [14.50,27.50])𝑇, 
𝑥 = ([102.5,120.1], [118.3,135.7], [79.2,87.6])𝑇. 

For comparison with the interval solution, the 
corresponding deterministic model is solved by 
replacing all interval values with their midpoint 
estimates, as shown in Listing 2. 

A_mid = mid(A); 

c_mid = mid(c); 

x_mid = (eye(3) - A_mid) \ c_mid; 

Listing 2: Deterministic solution using midpoint 
values. 

Listing 2 presents the conventional deterministic 
input-output planning approach and serves as the 
baseline for evaluating the benefits of interval 
analysis under uncertain input data. 

To evaluate the robustness of the deterministic 
solution under adverse economic conditions, a worst-
case scenario is considered by combining the upper 
bounds of the technological coefficients with the 
lower bounds of the final-demand intervals. The 
corresponding GNU Octave implementation is 
presented in Listing 3. 

% upper bounds of intervals 

A_max = sup(A); 

% lower bounds of intervals 

c_min = inf(c); 

x_worst = (eye(3) - A_max) \ c_min; 

Listing 3: GNU Octave implementation of the worst-
case planning scenario. 
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Listing 3 illustrates the implementation of the 
worst-case analysis used to compare deterministic 
planning with the proposed interval approach under 
unfavorable economic conditions. 

To quantitatively assess the differences between 
the deterministic and interval approaches, Table 3 
presents a comparative analysis of the three planning 
strategies: the deterministic plan based on midpoint 
values, the worst-case scenario reflecting unfavorable 
economic conditions, and the interval guaranteed plan 

obtained using the GNU Octave interval package.  

Table 3: Comparison of deterministic (D), worst-case 
(WC), and interval plans (IP). 

Sector D WC IP 
Deviation 

(D vs. WC) 

1 114.3 108.7 [102.5, 120.1] -4.9%

2 128.6 130.4 [118.3, 135.7] +1.4%

3 83.4 81.2 [79.2, 87.6] -2.6%

The deterministic plan based on average values 
creates an illusion of precision. However, as the 
worst-case scenario shows, if actual economic 
conditions deviate from the averages (e.g., higher 
input coefficients and lower demand), the 
deterministic plan becomes infeasible: 

▪ Sector 1 (Extraction) experiences a 4.9%
underproduction (108.7 < 114.3).

▪ Sector 2 (Energy) shows 1.4% overproduction
(130.4 > 128.6).

▪ Sector 3 (Mechanical engineering) exhibits

2.6% underproduction (81.2 < 83.4).

The interval approach provides guaranteed
planning ranges that are robust to all declared data 
uncertainty: 
▪ Sector 1: Any production volume between

102.5 and 120.1 ensures that final demand
targets are met for all possible parameter

realizations within the specified 5% variation.
▪ Sector 2: The safe planning range is [118.3,

135.7], accommodating both optimistic and
pessimistic scenarios.

▪ Sector 3: Production should be planned within

[79.2, 87.6] to guarantee balance.

It should be noted that the interval approach has 
specific applicability boundaries. The method 
requires productivity of the interval Leontief matrix 

and strictly positive gross outputs (0 ∉ 𝑑𝑗) to avoid

singularities. The width of the resulting planning 
intervals grows with input data uncertainty; while 5% 
variation yields practical results, larger uncertainties 
(exceeding 10–15%) may produce overly wide 
corridors due to the dependency problem in interval 

arithmetic. Furthermore, the assumption of 
independent parameter variations may not reflect real 
economic correlations. These considerations define 
the scope within which the method provides 

meaningful and reliable results. 

6 CONCLUSIONS 

The conducted research confirms that the interval 
approach is a powerful tool for modeling economic 
systems under incomplete information. Unlike 
deterministic methods, which create an illusion of 
precision, or probabilistic and fuzzy models requiring 

additional hypotheses, interval formalism operates 
solely with guaranteed bounds of parameter values. 
This makes it particularly valuable for applied and 
educational tasks where solution robustness takes 
precedence over point-wise “optimality.” 

Using the Leontief model, we demonstrated how 

interval analysis shifts the paradigm from searching 
for a single optimal vector to determining an entire set 
of feasible solutions—a robust range rather than a 
single point. This transition is critically important for 
informed decision-making in volatile economic 
environments. 

Interval methodology not only expands the 
analytical toolkit of economists but also fosters 
thinking oriented toward robustness and risk 
assessment, treating uncertainty as an inherent 
structural property of economic systems. The 
availability of free, standards-compliant software like 

the GNU Octave interval package makes this 
approach accessible to students and analysts alike. 
Integrating such methods into education directly 
contributes to training specialists capable of effective 
decision-making under informational 
incompleteness, preparing them for the realities of an 

uncertain world. 
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