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Abstract: Assessing the impact of identification errors on the dynamic properties of multi-level objects under 
unmeasured disturbances involves analyzing deviations in model parameters and their impact on the system’s 
stability and accuracy. Errors at a single level (e.g., the lower control level) can cascade down the dynamics 
of the entire multi-level structure, especially if the disturbance cannot be measured and compensated for 
directly. This article analyzes the impact of identification errors on a model obtained using the least-squares 
method. A model of statistical errors in parameter estimation is proposed, and a probabilistically 
representative set of process models is defined. The estimated parameter vector is significantly amplified by 
small singular values, making the least-squares method extremely unreliable and impossible to obtain an 
accurate parameter estimate. To improve the stability of the estimate, Tikhonov’s regularization method was 
used, which adds a robust functional constraint to the classical least-squares correction criterion and 
introduces a regularization factor to regulate the balance. The results of this study, i.e., an assessment of the 
dynamic characteristics of the process model using a representative set, allow us to determine the upper limit 
of the amplitude-frequency response and obtain an estimate of the lower limit. 

1 INTRODUCTION 

Literature analysis shows that in the presence of 
unmeasured disturbances, standard algorithms (e.g., 
least squares) produce biased estimates. This distorts 
the transfer functions and frequency characteristics of 
the model [1], [2]. Identification errors at different 
levels of the hierarchy accumulate, which can lead to 
a loss of stability in deviation-based control, 
especially if the plant does not have self-alignment 
properties [3]-[5]. For multi-level systems, the 
consistency of level models is critical. An error in the 
parameters of one level (e.g., due to external 
background or noise) causes a “cascading” deviation 

in the prediction of the behavior of the entire 
system [6], [7]. 

The following approaches exist to solve the 
above-mentioned problems: the use of algorithms that 
minimize parameter errors under stochastic noise 
conditions (e.g., Kalman filters or online error 
calculation algorithms) [1], [4], the development of 
observers to isolate low-frequency components of 
unmeasured disturbances, which allows separating 
the influence of the external environment from the 
dynamics of the object itself [2], [3], the use of finite-
frequency identification to improve the accuracy of 
model parameters in the operating frequency 
range [6], [7], the use of binary or hybrid intelligent 
models that adapt to changing conditions and 
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compensate for structural uncertainty [8]-[10]. An 
analysis of the impact of identification errors on the 
model obtained by the least squares method is 
presented below. The paper considers a model of 
statistical errors in parameter estimation and defines 
a probabilistic representative set of process models. 

Let us consider the problem of identifying a 
process, which, using a dynamic representation, can 
be expressed in the form: 

!
𝑦(𝑘𝑇∗) = 𝑈(𝑘𝑇∗)𝛩 + 𝜀(𝑘𝑇∗),
𝛩 = [𝑎", 𝑎#, . . . , 𝑎$]% ,
𝑈(𝑘𝑇∗) = [𝑢"(𝑘𝑇∗), . . . , 𝑢$(𝑘𝑇∗)],

(1) 

where y - is the output signal, U is the vector of 
generalized inputs, 𝜀 - unmeasurable disturbance, 
𝑘𝑇∗- the value of discrete time, 𝑇∗- sampling interval, 
and 𝛩 - vector of estimated parameters. 

It is assumed that the signals y, U, 𝜀 are stationary, 
ergodic and have zero mathematical expectations (a), 
while the signals U and 𝜀 mutually independent (b); 
the structure of model (1) is specified correctly (c), 
and based on the signals y, U using the least squares 
method, an unbiased estimate of the parameter vector 
of model (1) can be obtained (d), and the output error 
of the estimated model 

𝑒(𝑘𝑇∗) = 𝑦(𝑘𝑇∗) − 𝑦4(𝑘𝑇∗), 

has the properties of white noise, where 𝑦4(𝑘𝑇∗) - the 
model output (e), determined using the estimated 
parameter vector. 

In applied IT terms, the proposed approach can be 
interpreted as a computational workflow for 
uncertainty-aware identification of multilevel control 
objects under unmeasured disturbances. The 
workflow combines parameter estimation, 
regularization, representative-set construction, and 
frequency-domain analysis to support robust digital 
decision-making in process control systems. 

2 STATEMENT OF THE 
PROBLEM 

The task consists of consistently defining a model that 
describes the errors in estimating the parameter 
vector, then constructing a representative set of 
models of the process under consideration that is 
achievable in a probabilistic sense and provides an 
adequate representation of the uncertainty of the 
original system, as well as in the subsequent analysis 
of frequency characteristics and the study of their 
extreme values for the moving average model and the 

autoregressive moving average model using the 
specified representative set of models. 

2.1 Definition of a Model that 
Describes the Errors in Estimating 
a Vector of Parameters 

Representation (1) can be expressed as a vector 
equation: 

𝑌 = 6
𝑦(𝑇∗)
⋮

𝑦(𝑀𝑇∗)
9, 

𝑈 = : 𝑢"
(𝑇∗) … 𝑢$(𝑇∗)

𝑢"(𝑀𝑇∗) … 𝑢$(𝑀𝑇∗)
<,

𝜀 = 6
𝜀(𝑇∗)
⋮

𝜀(𝑀𝑇∗)
9. 

Least squares estimation of the model parameter 
vector: 

𝑌= = 𝑈𝛩= , (2) 

where 𝑌= = [𝑦4(𝑇∗), . . . , 𝑦4(𝑀𝑇∗)]%, is defined as 
follows: 

>𝛩
= = (𝑈%𝑈)&"𝑈%𝑌,
𝛩= = [𝑎4", . . . , 𝑎4$]% ,

 (3) 

with an estimate of the variance of the model output 
error 𝜎'# ≅

"
(&$

𝑒%𝑒. 
In [11], [12] it was established that solution (2) 

will be stable if: 

𝜅(𝑈) B𝜀) +
"
*
C << 1, 

where 𝜀) - computational error, and 𝜅(𝑈) - condition 
number of the matrix U. 

When the above assumptions (a)-(e) are met, the 
error covariance matrix is expressed as: 

𝑐𝑜𝑣I𝛩=J ≅ (𝑈%𝑈)&"𝜎'#. 

Let us denote by 𝑢K+(𝑘𝑇∗) - orthogonally 
transformed input signals: 

𝑢K+(𝑘𝑇∗) = 𝑢+(𝑘𝑇∗) − ∑ 𝛼,+𝑢K,(𝑘𝑇∗)+&"
,-" , 𝑖 = 1, . . . , 𝑚, 

where 𝛼,+ =
"
(
∑ 𝑢+(𝑘𝑇∗)𝑢K,(𝑘𝑇∗)(
.-" . 

Using transformed inputs 𝑢K+, model (2) can be 
represented as: 

𝑌= = 𝑈P𝛩Q , 𝛩Q = [𝑎K", 𝑎K#, . . . , 𝑎K$]%, (4) 

where 𝑈 = 𝑈P𝐴, 
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𝐴 = S

1 0 … 0 0
𝛼#" 1 … 0 0
⋮
𝛼$" 𝛼$# … 𝛼$$&" 1

U. 

At the same time: 

𝛩= = 𝐴&"𝛩Q . (5) 

Least squares estimation 𝛩Q  using transformed 
inputs is determined by the expression: 

𝛩Q = I𝑈P%𝑈PJ&"𝑈P%𝑌 = 𝛬𝑈P%𝑌, 

where 𝛬 = 𝑑𝑖𝑎𝑔[𝜆"&", 𝜆#&", . . . , 𝜆$&"], and:  

𝜆+ = ∑ 𝑢,#(𝑘𝑇∗) − ∑ I𝛼,+J
#𝜆,#+&"

,-"
(
.-" , 𝑖 = 1, . . . , 𝑚. 

In this case, the parameter error variance 𝛩Q  is 
expressed as follows: 

𝑐𝑜𝑣I𝛩QJ = 𝛬𝜎/#, 

where the diagonal form of the covariance matrix 
means that each of the parameters 𝑎K+ is determined 
with an error whose variance is equal to 𝜎'# 𝜆+⁄ , and 
the errors are independent. In accordance with the 
above assumptions (a), (b), we can represent the 
vector 𝛩Q  parameters 𝑎K+ in the form of a 
multidimensional stochastic process 

𝜎 = [𝜎", 𝜎#, . . . , 𝜎$]%, (6) 

with a normal distribution when 𝑀 → ∞, 
mathematical expectations 𝐸[𝜎+] = 𝑎K+ and 
covariances: 

>
𝐸[(𝜎+ − 𝑎K+)#] = 𝛿"# = 𝜎'# 𝜆+⁄ ,
𝐸^(𝜎+ − 𝑎K+)I𝜎, − 𝑎K,J_ = 0, 𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1, . . . , 𝑚. (7) 

Vector value 𝛩=  in (3) can be expressed using (5): 

𝛩= = 𝐴&"𝜎. 

Hence: 

𝐸^𝛩=_ = 𝐴&"𝐸[𝛿] = 𝐴&"𝛩Q , 
𝑐𝑜𝑣^𝛩=_ = 𝐴&"𝛬(𝐴&")%𝜎'#, 

and the error in estimating the parameter vector 𝛩=  can 
be considered as a multivariate normally distributed 
process with parameters determined by 
expressions (7). 

2.2 A regularization Method for 
Increasing the Stability of the 
Estimation of the Model Parameter 
Vector 

The coefficients of the characteristic polynomial are 
determined from the system of equations (2), in which 
the matrix U and the right-hand side are 
approximately given 𝑌=. This problem, even for small 
dimensions, becomes significantly ill-posed, since 
the condition number of the matrix U grows very 
rapidly with increasing its dimension [11]-[13]. 

In equation (2) 𝜆" ≥ 𝜆# ≥ ⋯ ≥ 𝜆0 ≥ 0- singular 
values of the matrix U. If the equation is ill-
conditioned, then the singular values 𝜆" significantly 
more 𝜆0, a 𝜆0 - a small value close to zero, here𝜆" ≥
𝜆# ≥ ⋯ ≥ 𝜆0 ≥ 0 singular values of the matrix U. As 
can be seen from equation (2), small singular values 
will have a significant impact on the estimated 
parameter vector. The estimated parameter vector is 
significantly amplified by small singular values, 
making the least-squares estimate extremely 
unreliable and making it impossible to obtain an 
accurate estimate of the parameters. 

To improve the stability of the estimate, 
Tikhonov’s regularization method adds a robust 
functional constraint to the classical least-squares 
correction criterion and introduces a regularization 
factor to regulate the balance, so that an ill-posed 
problem is transformed into a well-posed 
problem [14], [15]. The regularization criterion is 
expressed as: 

Ф = (𝑈%𝑈 + 𝛽𝛺(𝛩=))𝑈%𝑌= = 𝑚𝑖𝑛, 

where 𝛺(𝛩=) is called a stable functional and plays a 
stabilizing role; 𝛽 is a regularization parameter that 
plays the role of two parts in the balance criterion 
function. 

Choice 𝛺(𝛩=) often indicates the characteristics of 
the problem [14]. Different ill-conditioned problems 
can have different types of stable functionals. We take 
instead 𝛺(𝛩=) - 𝛩=%𝑅𝛩=  [16], where R is a symmetric 
non-negative definite matrix, called the regularization 
matrix. Then the regularization criterion can be 
expressed as 

Ф = 𝑈%𝑈 + 𝛽𝛩=%𝑅𝛩= = 𝑚𝑖𝑛. 
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Various forms 𝛺(𝛩=) are reflected by different 
forms of the regularization matrix R. When the 
parameters contain a priori information, the 
paper [15], [16] proposes to use the weighted fitting 
method to determine R based on the a priori 
information of the parameters. In this case, it is 
necessary to first perform the singular value 
decomposition of the matrix of normal equations, and 
then use the matrix after the singular value 
decomposition to construct R. When the parameters 
do not contain a priori information, the stability 
functional is often used as a second norm constraint 
on the parameters, i.e. 𝑅 = 𝐼, and the regularization 
criterion is: 

Ф = 𝑈%𝑈 + 𝛽𝛩=%𝛩= = 𝑚𝑖𝑛. 

The result of the adjustment is as follows: 

Ф = (𝑈%𝑈 + 𝛽𝐼)𝑈%𝑌= = 𝑚𝑖𝑛. 

This is a widely used ridge regression 
method [17]. In this case, the stable functional has the 
form 𝛺(𝛩=) = 𝛩=%𝑅𝛩= = 𝛩=%𝛩= . 

Regularization is a biased estimation method. 
While improving the ill-conditioned nature of the 
normal equation, it inevitably introduces bias [13]-
[15]. When the ill-conditioned nature of the normal 
equation is effectively improved, the introduced bias 
reduces the reliability of the parameter estimates. 
Currently, research on regularization methods mainly 
focuses on the selection of the regularization 
parameter, while there is less research on 
regularization matrices. A good regularization matrix 
can effectively improve the ill-conditioned nature of 
the matrix, minimize the introduction of bias, and 
make the solution of ill-conditioned problems more 
reliable. The choice of the regularization matrix is of 
great importance for solving ill-conditioned 
problems. 

2.3 Research of the Method of 
Constructing Regularized Matrices 

Ridge regression estimation can be viewed as a 
regularization method, where the regularization 
matrix is the identity matrix. It can effectively reduce 
the variance of the parameter estimates and improve 
the stability of the solution. Based on the law of 
covariance propagation, the formula for calculating 
the covariance of a ridge regression estimate given 
in [17], [18]: 

𝑐𝑜𝑣(𝛩=) = 𝜎1#(𝑈%𝑈 + 𝛽𝐼)&"𝑈%𝑈(𝑈%𝑈 + 𝛽𝐼)&". 

The trace of the covariance matrix can reflect the 
total variance of the estimate. The trace can be 
obtained from the covariance formula. 

𝐷(𝛩$) = 𝑡𝑟[𝜎!"(𝑈#𝑈 + 𝛽𝐼)$%𝑈#𝑈(𝑈#𝑈 + 𝛽𝐼)$%]. (8) 

Decomposition of a square matrix 𝑈%𝑈 on the 
eigenvalues gives 

𝑈%𝑈 = 𝐺𝛬𝐺% = ∑ 𝐺+𝛬+𝐺+%0
+-" .          (9) 

In the formula, the eigenvalue 𝛬+ = 𝜆+#, that is, the 
eigenvalue of the coefficient matrix of the normal 
equation is equal to the square of the singular value 
of the coefficient matrix of the observed equation, and 
the eigenvector of the eigenvalue 𝛬+ is a right singular 
vector 𝜆+. Substituting equation (9) into equation (8), 
we obtain: 

𝐷(𝛩=) = 𝑡𝑟 6𝜎1# m(𝑈%𝑈)&" mn𝐺+𝛬+

0

+-"

𝐺+% +	

+𝛽n𝐺+

0

+-"

𝐺+%p
&"

(𝑈%𝑈 + 𝛽𝐼)&"] =	

= 𝜎1#∑
2!

(2!45)"
0
+-" . (10) 

The ridge estimate is a biased estimate and its bias 
is calculated using the formula [18]: 

!𝑏𝑖𝑎𝑠&𝛩(#)*
$
= 𝛽$(𝑈%𝑈 + 𝛽𝐼)&' × 𝑈𝑈%(𝑈%𝑈 + 𝛽𝐼)&'. (11)

Equation (11) is simplified by expansion into 
eigenvalues, and the following is obtained: 

𝑡𝑟 :B𝑏𝑖𝑎𝑠I𝛩=5JC
#
< = ∑ 𝛩=%𝐺+0

+-"
5"

(2!45)"
𝐺+%𝛩= .   (12) 

Selective regularization of small eigenvalues 
improves the stability of ill-conditioned problems, 
reducing the variance of estimates and minimizing the 
introduced bias during parametric identification. 

2.4 Construction of a Representative 
Set of Models 

Representative set of models 𝛺7 for the identification 
process satisfying assumptions (a)-(e), is considered 
as a set of model parameters 𝛩, defined as follows: 

𝑃(𝛩 ∉ 𝛺7) < 𝛼,  1 > 𝛼 > 0, 

where 𝑃- probability, and 𝛼 - confidence coefficient. 
The representative set for models in form (4) is 
denoted by 𝛺78 , and for models in form (2) - through 
𝛺79 . Representative set 𝛺78  can be defined as a 
parallelepiped: 
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𝛺79 = {𝛩:𝛩 = [𝜗", . . . , 𝜗$]	
𝜗+ ∈ ⟨𝑎K+ − 𝜇𝛿+ , 𝑎K+ + 𝜇𝛿+⟩}, 𝑖 = 1, . . . , 𝑚. (13) 

The probability that 𝛩 ∈ 𝛺79  determined by virtue 
of independence 𝜎+ (6) as follows: 

𝑃(𝛩 ∈ 𝛺79) = ∏ 𝑃(𝜗+ ∈ ⟨𝑎K+ − 𝜇𝛿+ , 𝑎K+ + 𝜇𝛿+⟩)$
+-" . 

For this value of the confidence coefficient a, 
using normal distribution tables, you can determine 
the coefficient 𝜇 sets 𝛺79 . The representative set can 
also be constructed in another form: 

𝛺&'
# = {𝛩:𝛩 = [𝜗%, … , 𝜗(],	

𝜗) ∈ 𝑎.) + (𝜆") − 𝜆"))℘𝛿) , 𝜆* ≥ 0,8𝜆* ≤ 1
"(

*+%

, (14) 

𝑖 = 1, . . . , 𝑚}. 

This set is closed in the convex hull 𝐶I𝛺78
%J with 

2𝑚 vertices that form a set 

𝛸79 = �𝛩Q: 𝛩Q = [𝜗", . . . , 𝜗$], 𝜗, = 𝑎K, ,	
𝜗+ = 𝑎K+ −℘𝛿+ ∪ 𝑎K+ +℘𝛿+ , 𝑖 = 𝑗, 𝑖 = 1,2, . . . 𝑚}. 

It can be shown that for independent distributions 
𝜎+ set 𝛺79

% with ℘ = 𝜇(𝑚!)"/$ provides at least the 
same confidence factor a, that is the set 𝛺79

%. 
Transformations (5) of sets 𝛺78

% and 𝛸78
% let us 

denote by 𝛺79
% and 𝛸79

%. 
Set of vertices 𝛸79

% generates a convex hull 𝐶I𝛺79
%J 

over a set 𝛺79
% and can be defined as follows: 

𝛸79
% = �𝛩=: 𝛩= = 𝐴&"𝛩Q, 𝛩Q ∈ 𝛸79

%�. 

2.5 Evaluating the Dynamic Properties 
of a Process Model Using a 
Representative Set 𝛺� 

Representative set 𝛺7 can be used to determine the 
range of change in gain and frequency characteristics 
when 𝜔 ∈< 0,𝜔; >, where 𝜔;- Shannon frequency. 
Using the following inequality 

𝑚𝑖𝑛�𝑓7((𝜔), 𝑓7"(𝜔)� ≤ 𝑓7(𝜔) ≤
𝑚𝑎𝑥�𝑓7((𝜔), 𝑓7"(𝜔)�,𝜔 ∈ ⟨0,𝜔;⟩ (15) 

it is possible to find extreme values on a set of vertices 
𝛸79
% to calculate the range of variation of the model 

characteristics due to identification errors [19], [20]. 
Since it is desirable to have a smaller number peaks 
in 𝛸79

%, then it is preferable to use a set in the form (14) 
than in the form (13). Here 𝑓7)(𝜔) means a 
continuous functional of the vector of model 
parameters 𝛩 and frequencies 𝜔, 𝜔 ∈ ⟨0,𝜔;⟩ 

Let’s consider the properties of moving average 
models: 

𝑦(𝑘𝑇∗) = ∑ 𝑏+𝑢I(𝑘 − 𝑑 − 𝑖)𝑇∗J<
+-1 ,       (16) 

where y - is the output signal, u - is the input signal, 
𝑇∗ - sampling interval, d - discrete value of delay, and 
parameters 𝑏+ form a vector of unknown parameters 
𝛩=  in model (2). 

The gain of the model is 𝐾 = ∑ 𝑏+<
+-1 . 

Let us denote by 𝐾" and 𝐾# gain values for 
parameter vectors 𝛩" = [𝑏1", . . . , 𝑏<"]% and 𝛩# =
[𝑏1#, . . . , 𝑏<#]% accordingly, and through 𝐾(𝜆) - gain 
factor for the parameter vector 

𝛩(𝜆) = 𝛩"𝜆 + 𝛩#(1 − 𝜆), 𝜆 ∈ ⟨0,1⟩. 
Then: 

𝐾(𝜆) = ∑ [𝜆𝑏)% + (1 − 𝜆)𝑏)"] = 𝜆𝐾% + (1 − 𝜆)𝐾",
)+! . 

Hence 𝑚𝑖𝑛(𝐾", 𝐾#) ≤ 𝐾(𝜆) ≤ 𝑚𝑎𝑥(𝐾", 𝐾#), i.e., 
a relation equivalent to (15) is obtained when as a 
functional 𝑓7(𝜔) the gain factor K is taken. This ratio 
determines the extreme values of the static gain 
factor. 

Consideration of the frequency characteristics of 
model (16), obtained by substitution 𝑧 =
𝑒𝑥𝑝(−𝑗𝜔𝑇∗) into the discrete transfer function (16), 
allows us to obtain a relation that is equivalent to 
relation (15) with 𝑓7(𝜔) = 𝜙7(𝜔), 𝜙7(𝜔)- phase-
frequency characteristic. This ratio determines the 
extreme values of the phase-frequency characteristic, 
especially for frequencies corresponding to the point 
(-1,0) on the complex plane. 

It is also possible to determine the upper limit of 
the amplitude-frequency characteristic and obtain an 
estimate for the lower limit of the amplitude-
frequency characteristic (Fig. 1). 

3 RESULTS AND DISCUSSION 

Numerical example. To demonstrate the proposed 
procedure, a third-order moving-average model was 
considered in a passive experiment with 𝑀 = 200 
samples and sampling interval 𝑇; = 	1.0. The 
nominal parameter vector was chosen as 
𝛩1 = [0.80, 0.35, 0.15]%, and an unmeasured 
disturbance 𝜀(𝑘) was added to the output so that the 
matrix 𝑈%𝑈 became poorly conditioned. 

For robust estimation, Tikhonov regularization 
with R = I was applied. The regularization parameter 
was selected by the L-curve principle; for the case 
shown in Figures 1 and 2, 𝛽 = 	0.10 and the 
representative-set confidence coefficient was 
𝛼 = 0.95. The noise level 𝜎0 was varied in the 
interval 0-0.20. 
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Figure 1: Amplitude-frequency response of the nominal process model and the upper/lower bounds obtained from the 
representative set (𝑀 = 200,	𝛼 = 0.95). 

Figure 2: Comparison of parameter estimation error for the classical least squares method and the Tikhonov-regularized 
approach under increasing noise level (R = I, 𝛽 = 	0.10). 

Figure 1 presents the nominal amplitude-
frequency response together with the upper and lower 
bounds obtained from the representative set. Figure 2 
shows that the parameter-estimation error of the 
classical least-squares method increases faster with 
the noise level, whereas the regularized estimate 
remains more stable. 

From a practical point of view, the proposed 
method can be used in software-based identification 

and monitoring modules of multilevel control 
systems, where measurement noise and unmeasured 
disturbances reduce the reliability of classical least-
squares estimates. The obtained bounds for 
amplitude- and phase-frequency characteristics can 
support robust controller tuning and engineering 
decisions under uncertainty. 
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4 CONCLUSIONS 

In conclusion, let us dwell on the properties of the 
process described by the autoregressive moving 
average model: 
∑ 𝑎!𝑦$(𝑘 − 𝑖)𝑇∗+#
!$% = ∑ 𝑏!𝑢$(𝑘 − 𝑑 − 𝑖)𝑇∗+#

!$& ,  𝑎% = 1, (17) 

where are the coefficients 𝑎+ and 𝑏+ form a vector of 
model parameters 𝛩 = [𝑎", 𝑎#, . . . , 𝑎< , 𝑏", . . . , 𝑏<]%. In 
(17), the indexing is intentional: the autoregressive 
part starts from 𝑖 = 1, whereas the moving-
average/noise part includes the current sample	𝑖 = 0. 
For the static gain K of model (13), the relation can 
be obtained 

𝐾 = ∑ 𝑏+<
+-" ∑ 𝑎+<

+-1⁄ ,  

equivalent to (15), which determines the extreme 
values of K. 

Using substitution 𝑧 = 𝑒𝑥𝑝(−𝑗𝜔𝑇∗) in the 
discrete transfer function of model (17) allows us to 
obtain a relation that is equivalent to (15) with 
𝑓7(𝜔) = 𝜙7(𝜔). This relationship determines the 
extreme values of the phase-frequency characteristic 
for frequencies corresponding to the point (-1, 0) on 
the complex plane, for sufficiently small changes in 
the vector of model parameters. 

Finally, we can estimate the lower and upper 
limits for the amplitude-frequency characteristic of 
the model (17). 

Figures 1 and 2 confirm the comparative 
robustness of the proposed identification procedure 
on the numerical example. As the noise level 
increases, the parameter-estimation error of the 
classical least-squares method grows more rapidly, 
whereas the Tikhonov-regularized solution remains 
more stable. Therefore, regularization provides 
tighter and more reliable bounds of the dynamic 
characteristics under uncertainty. 
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