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This paper proposes a distributed-parameter mathematical model of a 25 kV AC traction power network
developed using the state variable method for the analysis of HEMI affecting railway TC equipment. The
model is formulated on the basis of an equivalent circuit representation and a loop-branch topological matrix,
resulting in a system of algebraic and differential equations in state variable method. Transient voltages and
currents during contact wire-to-rail short-circuit events are investigated for different fault locations and rail-
to-ground resistance values corresponding to summer and winter operating conditions. Simulation results
show a significant dependence of current distribution and rail-to-ground overvoltages on environmental
parameters. Under winter conditions, the rail-to-ground voltage exceeds permissible insulation levels for TC,
indicating the necessity of dedicated protective measures. To simplify the assessment of electromagnetic
impact, an equivalent representation using generalized resistance and inductance parameters for each half-
wave of the short-circuit current is introduced. The proposed model is validated by comparison with field

experimental data from a 25 kV AC traction network, demonstrating an error below 8%.

1 INTRODUCTION

Electrified railways with 25 kV AC traction power
supply systems generate significant HEMI that
affects railway automation and TC equipment.
During contact wire—to-rail short circuits, high
transient currents and overvoltages arise in the return
traction network and reach signaling devices through
conductive and inductive coupling, which may
damage insulation and disrupt safety-critical systems.
Existing studies mainly use lumped or steady-state
models, which are insufficient for accurate transient
analysis of distributed traction networks. Therefore,
this study develops a distributed-parameter
mathematical model of a 25 kV AC traction network
using the state variable method. The model is based
on an equivalent circuit and a loop-branch topological
matrix, allowing transient voltages and currents to be
analyzed for different fault locations and rail-to-
ground resistance conditions.

For practical evaluation of HEMI impact on TC,
an equivalent representation with generalized
resistance and inductance parameters for each half-
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wave of the short-circuit current is proposed. The
model is validated by field data from an operating
traction network and can be used to design
coordinated protection measures for railway
automation equipment.

Compared with the earlier equivalent-circuit
approach reported in [1], the present study extends the
analysis by introducing a distributed-parameter state-
variable model, explicitly accounting for seasonal
rail-to-ground  resistance  variations, deriving
equivalent half-wave parameters, and validating the
results against field experimental data.

2 MATHEMATICAL MODEL OF A
25 KV AC TRACTION
NETWORK

The equivalent circuit diagram of an AC traction
network with distributed parameters is shown in
Figure 1, where: Urs is the voltage on the traction
transformer (TT); Re is the resistance of the TT
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windings; Lk is the TT inductance; Ri-6)1, ..., Re-o)N
is the resistance of 1 km of the rail line section
between the rails and the ground (rail-to-ground
resistance); where N is the number of sections with a
length of 1 km; Ro is the resistance between the
ground and the rails at the connection point of the
suction feeder of the TS; Rgi, ..., Ron are the

resistances of 1 km of the ground; Rk, ..., Rxn is the
resistance of 1 km of the catenary; Lki, ..., Lkn is the
inductance of 1 km of the catenary; Ry, ..., Riv is the
resistance of 1 km of the rails; L, ..., Lo is the

inductance of 1 km of the rails; C is the capacitance
of the shunt compensation system capacitors; L is the
inductance of the shunt compensation system reactor;
Rui, ..., Runis the 1-km insulation resistance between
the overhead contact system and the rails; R is the
resistance determined using the state variable method.

The state variable method was applied to analyze
HEMI produced by the 25 kV AC traction network on
TC equipment. Within this framework, voltages
across inductive components and currents through
capacitive components, as well as voltages and

currents of resistive circuit elements y(t), are
expressed as functions of the state vector x(t) and the
independent excitation sources u(t).

The vectors of voltages and currents of
nonreactive elements y(t), together with the inductor
voltages and capacitor currents at the initial time
instant, are obtained from relations (1) and (2). This
requires the prior specification of both the
independent sources u(t) and the initial values of the
state variables x(t) [1]-[7]:
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Figure 1: Equivalent circuit diagram of an AC traction
network with distributed parameters.
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x(0) = f; [x(0), u(®],
y(©) = £[x(D), u(®)].
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Figure 3: Tree of the linear directed graph of the equivalent
circuit of the 25 kV AC traction network shown in

Figure 1.

Equation (1) is numerically integrated to compute
the state vector x(t) at the end of each integration
interval. The resulting state vector is then used as the
initial condition for the subsequent step. This iterative
procedure is repeated for a predetermined number of
steps (see Fig. 2).

The state variable method employs first-order
differential equations. The number of differential
equations corresponds to the number of reactive
components in the circuit. According to the
requirements of the state variable method, a linear
directed graph was constructed for the equivalent
circuit of the 25 kV AC traction network. Based on
this linear directed graph, a directed-graph tree of the
circuit was then formed (Fig. 3).

In Figure 3, arrows indicate the directions of
currents in all components of the circuit. Solid lines
represent the branches of the linear directed-graph
tree, while dashed lines indicate the connections of
the tree. Loops with positive current traversal in
closed circuits are marked with dashed circles.

Using the tree of the linear directed graph, the
topological F-matrix was constructed (Fig. 4). The
principle of forming the F-matrix is presented in [2].

Using this matrix, Kirchhoff’s laws were
formulated in matrix form as:

UC(t) = —F x UB(t), 3)

IB(t) = FT x I¢(1), 4)

Where:
= FT—denotes the transpose of the F-matrix;

UB(t) and IB(t) — are the vectors of branch
voltages and currents of the linear directed
graph;

UC(t), 16(t) — are the vectors of link (chord)
voltages and currents of the linear directed
graph.

By means of the F-matrix, coupled systems of
algebraic and differential equations were formulated
in the Cauchy (state variable method) form [2].

The voltages across the branch resistances UE are
given by:

Ure = Rg X Ipg;
Ugpe = Ry X (Ig — I — k)
Urk1 = Rk1 X Ipx1;

Urkn = Rkn X ILkns
Urr1 = Rpg X Ipq;

Ugrrn = Ren X Iiens
Urg1 = Rgr X (Ipgr — Iirt)

: (5)
Uren = Rgr X (Ign — Iuen)s
Uro = Ro X (Ik1 — Ir1);
Urr-6)1 = Rr—gy1 X (ika — Ik = Iirn + Iur2);

Urr-6)n = Ree-g)n X (igw — Iuen)s
Urirt = Rirg X (Igs — Iik2)s

Urirn = Rirn X ILkn-
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Figure 4: Topological F-matrix of the tree of the linear directed graph shown in Figure 3.
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The currents through the branch resistances I are
defined as:

Irg = ILgs
Ipy = Ieg — I — Ikas
Irk1 = ke
Irgn = ks
Ier = ILrl:
[ren = ILens

Irg1 = Ik1 — Iurws

: (6)
Iran = Tkn — Iens
Iro = Iug1 = Iures
Irer—ey1 = luks = likz = Iorn + Lirzs

IR(r—G)N = Iign — Inens
Irirt = Ik1 = Iness

[rirn = ILkn-

The current through the branch capacitance 1€ is
defined as:

(™)

The voltages across the link inductances U} are
expressed as:

Ic = Ig — Likae-

Urg = —Urs — Uc — Ugg + Ury;
UL = Uy
Upks = Uc + UrL — Urks — Uro — Urg1 — Urirss

Uikz = —Urkz + Urg-c)1 = Ur@-c)2 =  (8)
—Urc2 + Urir1 — Urirzs
Urkn = —Urkn + Urr—g)n—1 — Ur@r—g)n —
—Urgn + Urir(n-1) = Urirns
Urp1 = —Urr1 + Uro — Ur@r-c)1 + Urc1;
Urpn = —Uren = Ur@—g)N-1 + Ur@-c)n + Urgns

The time derivative of the branch capacitor
voltage is given by dUZ /dt:

Uc =1c/G ©

The time derivatives of the currents through the link
inductances are expressed as dI'/dt:

iLE = ULg/Lg;
iL = UL/L;
iLK1 = Urk1/Lk1 s

(10)

iLKN = Urgn/Lxn ;s
It = Upea /Lt

iLrN = Uen/Liens
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The voltage across the branch capacitance at the
end of the integration step is determined as Ug:

The currents through the link inductances at the
end of the integration step are obtained as I}:

ILE = ILE + iLE X dt;
IL:IL—I—ILth!
Igr = lIuga + I X dt;

(12)

Ikn = Ign + gy X dt;
[ir1 = lipg + I X dt;

Ien = Ipen + lien X dt;

The state variable method enables the evaluation
of currents in all elements of the equivalent circuit
and voltages across all components during transient
regimes, including configurations involving
nonlinear voltage-current characteristics.

The differential equations were solved using the
simple Euler numerical integration method.

COMPUTER SIMULATION OF
TRANSIENT PROCESSES IN A
25 kV AC TRACTION
NETWORK

To solve the system of equations (5)...(12), the
primary parameters of the 25 kV AC traction network
were determined based on data from field
experiments under short-circuit conditions. The
calculations considered the following equipment: a
TDTNZh-40000/110/27.5/10 traction transformer, a
traction substation grounding grid with equivalent
resistance up to 0.1 €, a transverse compensation unit
with KS1-1.05-30 (13.5 pF) capacitors and 89.17 mH
inductance, a PBSM1-95 + MF-100 catenary system,
and R-65 rails.

The parameters were obtained using reference
formulas and data from studies [8]-[15]. These
values, corresponding to the equivalent circuit of the
25 kV traction network of the East Siberian Railway,
were used in computer experiments to investigate
short-circuit current characteristics. Based on
equations (5)...(12) and the obtained parameters, a
dedicated software package for modeling emergency
and transient processes in the traction power supply
system was implemented in the Delphi 7
environment.

The average spacing between traction substations
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(TS) is approximately 40 km [16]. Since the traction
network is typically fed from both ends, computations
may be limited to half of the inter-substation section
due to symmetry of electromagnetic effects.

The computer simulations were performed up to
20 km, i.e., to the midpoint of the inter-substation
zone. The studies considered short circuits at
distances of 1, 2, 3, 4, 5, 8, 12, 16, and 20 km from
the TS under both summer and winter conditions. The
rail-to-ground resistance values were assumed to be
(Re-c = 0.25 Q-km) for summer conditions and (R:.c =
25 Q- km) for winter conditions [13], [17]-[21]. The
results of the computer simulations are presented in
Figures 5-11.

Figure 5 presents oscillograms of the TS voltage
Urs and the currents in the contact wire Icw rails Ir,
and ground I¢ for a short-circuit phase angle y = 0° at
a distance of 5 km under summer conditions.
Approximately 49% of the short-circuit current
returns through the ground. The contact wire current
lags the TS voltage by ¢ = 56°.

Figure 6 depicts the corresponding waveforms
under winter conditions with Rr-6 =25 Q-km at y =
0°. In this case, about 77% of the short-circuit current
flows through the rails, and the phase lag increases to
@ =60°.

Simulation studies were also conducted to
determine peak values of currents in the contact wire,
rails, and ground at various short-circuit locations
(1...20 km) for summer (Fig. 7) and winter (Fig. 8)
conditions.
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Figure 5: TS voltage and currents in the 25 kV AC traction
network during a contact wire-to-rail short circuit at a

distance of 5 km from the TS (R..¢ = 0.25 Q-km, summer
conditions, y = 0°).
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Figure 6: TS voltage and currents in the 25 kV AC traction
network during a contact wire-to-rail short circuit at a
distance of 5 km from the TS (R.¢ = 25 Q-km, winter
conditions, y = 0°).

Table 1: Primary parameters of the equivalent circuit of the 25 kV AC traction network.

Simulation time, ps 80000 Lg, mH 7.514
Sampling interval, ns 2 Rg, Q 0.113
Line length, km 20 Ry, ..., Rpo, Q/km 0.11
Short-circuit voltage phase, rad 0(1.57) Ly, ..., Lioo, mH/km 0.803
Urs, kV 38.89 Rxi, ..., Rkoo, Q/km 0.085
RL, Q 5000 LKl, ey L](zo, mH/km 0904
C, uF 13.5 R(-61, - > R0, -k (rail-to-ground) 0'52 o
L, mH 8917 RGI, ...,Razo, Q-km 0.3
Ry, 0.1 Rir, ..., Riro, Q/km 40000
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Figure 7: Peak currents in the contact wire (Icw), rails (I,),
and ground (Ig) at the contact wire-to-rail short circuit
location under summer conditions (R.¢ = 0.25 Q-km,
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Figure 8: Peak currents in the contact wire (Icw), rails (Z,),
and ground (/s) at the contact wire-to-rail short-circuit
location under winter conditions (R,.g =25 Q-km, y = 0°).

The results show that under summer conditions
the maximum ground current occurs within the first
10 km from the TS, whereas in winter the maximum
is observed in the 4...8 km interval. The peak ground
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current in summer exceeds that in winter by a factor
of 2.7.

Figure 9 shows the phase lag angles (¢) of the
short-circuit current in the contact wire relative to the
traction network supply voltage (Uts). The increase
in the angle ¢ under winter conditions can be
explained by the enhanced influence of rail
inductance due to higher short-circuit currents in the
rails during winter.

Figure 10 shows the rail-to-ground voltage Ur.g
at a fault location 5 km from the TS. Under winter
conditions, this voltage is eight times greater than
under summer conditions and reaches 4839 V,
exceeding the permissible insulation voltage Uperm =
2.5 kV by a factor of two.

Figure 11 presents the amplitude values of U:rc at
different fault distances. In summer, the voltage does
not exceed permissible limits (Uperm =2.5 kV),
whereas in winter it surpasses allowable insulation
levels along the entire section, necessitating
protective measures against longitudinal
overvoltages. Such overvoltages also pose a hazard to
maintenance personnel.

Using the calculated phase relationships between
the short-circuit current in the contact wire (Icw) and
the traction network supply voltage (Urs) (Fig. 9), the
short-circuit current amplitudes (Fig. 8), the voltage
at the TS phase (Uwm), and the half-wave duration of
the traction current, it is proposed to represent the
traction network under short-circuit conditions for the
half-wave of the traction current by equivalent
parameters, calculated using the following formulas:

(13)
(14)

Reqp = (cos @ X Uy)/lcw;
Lggp = (sing x Uy X 6)/(Icw X M),

25

—a— Winter

Figure 9: Phase relationship (¢) between the voltage at the TS and the current in the contact wire under summer. (R.c = 0.25

Q-km) and winter (R.c =25 Q-km) conditions.
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where Reqp is the equivalent active resistance of the
traction network for the short-circuit current in the
contact wire; Leqp is the equivalent inductance of the
traction network for the short-circuit current in the
contact wire; ¢ is the phase difference between the
voltage and current in the contact wire; Uwm is the
amplitude of the voltage at the TS transformer, V; Icw
is the amplitude of the current at the short-circuit
location, A; 0 is the half-wave duration of the short-
circuit current, s.

These expressions allow replacement of the
complex traction network by equivalent resistance
and inductance, simplifying the assessment of
protective measures for railway automation and
remote-control devices against switching
overvoltages and overcurrents. Figure 12 shows the
results of the calculations of equivalent parameters
for a 25 kV AC traction network.
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Figure 10: Voltage between the rail and ground U.g)s at

the contact wire-to-rail short-circuit location 5 km from
the TS under summer and winter conditions.
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Figure 11: Amplitude values of the voltage between the rail
and ground U, at the contact wire-to-rail short-circuit
location under summer and winter conditions with ground
resistance Rg = 0.3 Q-km and y = 0°.
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4 VERIFICATION OF THE
MATHEMATICAL MODEL OF
A 25 kV AC TRACTION
NETWORK

The developed distributed-parameter model of the 25
kV AC traction network was validated by comparing
simulation results with experimental data from an
operational section [13].

The experimental baseline from [13] included
measured short-circuit current amplitudes, rail-to-
ground voltages, phase-shift data, and transient
waveform characteristics obtained for operational
traction-network conditions.

In the computational experiment, the parameters
of the equivalent circuit from Table 1 were used.
Validation considered multiple points along the inter-
substation section (5, 10, 15, and 20 km from the
traction substation) and analyzed peak short-circuit

currents in the contact line IZF", rail currents 17?%,

maximum rail-to-ground voltage UP%, phase shift o,
and transient waveform shapes. Engineering

validation was based on relative errors of current and
voltage amplitudes, phase deviation, and normalized
root-mean-square error (NRMSE), since these
metrics jointly characterize both the magnitude
accuracy and the waveform similarity of transient
responses.

Simulation results closely matched experimental
data: current amplitude errors did not exceed 8%,
voltage errors remained below 10%, phase deviations
were within 5°, and waveform NRMSE values were
mostly below 0.1 (see Table 3), confirming accurate
transient reproduction. For instance, at 20 km from
the traction substation under winter conditions, the
simulated contact-wire short-circuit current was 1966
A at a phase angle of —56°, whereas the experimental
value was 1820 A at —61°, corresponding to a 7.5%
amplitude error and a 5° phase deviation.
(see Table 2).

These results confirm that the model accurately
reproduces transient processes across the inter-
substation section and can be reliably used for the
design of protection systems in railway automation
and telemechanics against electromagnetic hazards.

4.1 Verification Conclusions

The obtained results confirm that the proposed model
ensures high accuracy in both steady-state and
transient conditions, making it suitable for the
analysis and design of protection systems for railway
automation under electromagnetic disturbances.
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S SCIENTIFIC NOVELTY

The scientific novelty of this study lies in the
development of a distributed-parameter mathematical
model of a 25 kV AC traction power network based
on the state-variable method and a loop-branch
topological ~matrix, which enables accurate
simulation of transient electromagnetic processes
under short-circuit conditions. A novel approach to
assessing hazardous electromagnetic interference
(HEMI) affecting railway track circuit equipment is
proposed by jointly considering fault location,
seasonal variations in rail-to-ground resistance, and
the dynamic distribution of return traction currents.
The study establishes quantitative relationships
between short-circuit current distribution, rail-to-
ground overvoltages, and environmental operating
conditions, demonstrating that under winter
conditions the resulting overvoltages may exceed the
permissible insulation limits of track circuits by more
than twofold.

v v v V¥

Equivalent resistance, Rgqpv (Q2)
Equivalent inductance, Lgqpy (mH)

—&— Reqp. summer

— Leqp. summer

10
Distance from TS to SC location, km

Another contribution is the introduction of an
equivalent representation of the traction network
during fault conditions using generalized resistance
and inductance parameters for each half-cycle of the
short-circuit current, thereby simplifying engineering
assessment of electromagnetic impacts on railway
automation systems. A method for determining these
equivalent parameters from the amplitude-phase
characteristics of currents and voltages is also
developed, allowing the transformation of a
distributed mathematical model into an engineering-
oriented equivalent circuit suitable for practical
applications. The adequacy of the proposed model is
confirmed through comparison with field
experimental data, yielding deviations below 8%,
which demonstrates its suitability for the design and
analysis of railway protection systems. Overall, the
study advances electromagnetic —compatibility
modeling by integrating distributed traction network
parameters and transient electromagnetic processes
within a unified computational framework.

15 20

(3%
wn

Reqp. winter —=8— Leqp. winter

Figure 12: Equivalent parameters of the traction network.

Table 2: Comparison of Simulation and experimental results for hort-circuit conditions.

Distance from TS, km Parameter Simulation Experiment Absolute Error Relative Error, %
107, A 3120 2950 170 5.8
5 Uy, 2100 1950 150 7.7
(), deg 54 57 3 53
107, A 2750 2600 150 5.7
10 Une, 3200 3000 200 6.7
(), deg 55 59 4 6.8
107, A 2300 2150 150 7.0
15 Uy, 4100 3800 300 7.9
(), deg 56 60 4 6.7
107, A 1966 1820 146 7.5
20 Uy, 4839 4500 339 7.5
(), deg 56 61 5 8.2
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Table 3: NRMSE-based comparison of simulated and experimental waveforms.

Distance Eﬁlm TS, Signal NRMSE Il)\g i)i(ation Interpretation
5 Iy (t) 0.082 6.5% High accuracy
U,_¢(t) 0.095 7.2% High accuracy
10 Iew (0 0.076 6.0% High accuracy
U,_¢(t) 0.088 6.8% High accuracy
15 Iew (0 0.089 7.1% High accuracy
Upr_c () 0.097 7.5% High accuracy
20 Iew (0 0.094 7.8% High accuracy

Ur_¢ (1) 0.102 8.1% Acceptable accuracy

6 CONCLUSIONS

A distributed-parameter model of a 25 kV AC
traction network as a source of HEMI affecting
railway automation and remote-control devices was
developed. Transient processes during contact wire-
to-rail short-circuits were analyzed with respect to
distance from the short-circuit to the traction
substation, network parameters, and rail-to-ground
insulation under summer and winter conditions.

During summer, the voltage remains within the
permissible limit (Uperm = 2.5 kV), while in winter it
exceeds allowable insulation levels along the entire
section, requiring protective measures against
longitudinal overvoltages. These overvoltages also
present a safety risk to maintenance personnel.

The model simplifies complex electromagnetic
interactions by using equivalent parameters
(equivalent inductance and resistance) for each half-
wave of the short-circuit current, facilitating the
analysis of protective measures for automation and
control devices against overcurrents and switching
overvoltages.

Application of the model allows: determination of
limiting characteristics of choke- and railway
transformers considering magnetic coupling and core
saturation effects, and justification of protective
measures to limit energy on protection devices before
core saturation. The results support the design of
coordinated cascaded protection systems, combining
functional (transformers and choke-transformers) and
supplementary (overvoltage/overcurrent) protection
against HEMI.
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