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As is known, the investigation for finding the numerical solution for any mathematical model need at first to
check the existence of unique analytic solution for this model. For this reason, the study for existence of a
unique solution (the solvability) for any mathematical model is considered important. This importance
encouraged us to devote about the study for the solvability of a new mathematical model describes by a system
of triple nonlinear elliptic PDEs (TNLEPDEs) with various kinds of boundary conditions (BCs), as the
Dirichlet (DBCs), the Neumann(NBCs), the Robin(RBCs) and the Mixed BCs(MBCs). In this study, the weak
form (WF) for the TNLEPDE:S associated with each type of the above mentioned BCs is formulated in infinite
dimensional space. Then the existence theorem of a unique solution for each type of the resulted weak form
is proved by utilizing the Minty-Browder theorem (MBTH), with the help of the Friedrichs- Poincare
inequality (FPI) when the BCs are of homogeneous kind (HBCs) and with the help of the generalization
Friedrichs- Poincare inequality (GFPI) besides to the trace operator (TRO) when the kinds of the BCs are

nonhomogeneous (NHBCs).

1 INTRODUCTION

As it knowns, many different types of real life
problems in various branch of the sciences are
expressed by  mathematical models, like
electromagnetic waves [1], the flow of fluids [2],
physics of fluid [3], the blood of flow [4], molecules
structure [5], vibrations of solids [6], mechanics of
quantum [7], interactions of electrons and
photons [8], the transfer of heat [9], and optimal
control [10], they can be described as mathematical
models which are usually represented by ODEs or
PDEs.

Similarly, the mathematical models, the
differential equations had also the major role in
modern  studies  mathematics and  their

applications [11]-[13]. Therefore, many investigators
had interested about the study of the existence and
uniqueness for various types of “single” PDEs,
especially those which were studied in [14]-[16].
The investigating of the existence and uniqueness
of the solution of the PDEs are considered the
cornerstone to investigate the ability to find the
solutions of the PDEs analytically, and in addition it
helps and encourages to investigate the numerical
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solution of these problems who’s their analytic
solutions are difficult to determine. We can say that,
without any knowledge about the solvability of any
PDEs, no one can try to find the solutions neither
analytically nor numerically. From the above studies
and as a result, this paper is devoted about studying
the solvability (in infinite dimension) of the proposed
TNLEPDEs with different types of the boundary
conditions (BCs), including that the Dirichlet
(DBCs), the Neumann (NBCs), the Robin (RBCs)
and the mixed BCs (MBCs). At first the WF of the
proposed TNLEPDEs with each kind of the four BCs
is found. Then, the existence theorem of a unique
triple solution (TRS) of each resulted WF is
demonstrated under appropriate hypotheses by
utilizing the MBTH and with the help of the (PFI)
when the BCs is homogenous (HBCs), and by the
help of the generalization PFI (GPFI) besides to the
trace operator (TRO) when the BCs is
nonhomogeneous (NHBCs). As we mentioned above,
the outcomes of this manuscript are considered much
important and will help many investigators who are
interested about solvability of mathematical control
problems [17]-[19], and of many other real life
problems analogs of the considered models here.
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2 MANUSCRIPT PREPARATION

This section includes some basic definition, theorems
and lemmas which are interested in our work, and
then a description for the problem formulation.

2.1 Basic Concepts

Definition 2.1.1 [20]. A function k(x,y): Q2 X RN -
R is said to be of a “Carathéodory type" if it is
continuous with respect to y for fixed x € Q and it is
measurable w.r.t. x € Q for fixed y € RV,

Theorem 2.1.2 [21]. Let x and y be two elements
in an inner product space with norm, then |(x, y)| <
Iy 1l

Theorem 2.1.3 (MBTH) [22]. Let V be a
reflexive Banach space and V* be its dual space.
Consider the continuous nonlinear map:V — V”, s.t.

(Ay, — Ay, y1 —¥,) >0, for y; #y,Vy,,y, EV,
and (Ay,y)

30y~ M3y

Then there exists a unique solution y € V of the
equation Ay = f, forany f € V",

Lemma 2.1.4 (PFI)[23]. Let Q be any bounded
Lipschitz domain [24], then there exists a positive
constant ¢(Q2) > 0, (depends on £ only), for which
the following inequality holds)

Joly1? dx < c(Q) [,|VyI? dx. (Vy € Hj(42).

Lemma 2.1.5 (GPFI) [25]. LetQ c RY be
Lipschitz bounded domain and let I €T be a
measurable set such that |I;| > 0. Then there exists a
constant c(I;) > 0, independent of y, s.t.

2
Y1171 0y < e IVyI? dx + ([ y ds)™), for all
y € H'(Q).

Proposition 2.1.6 [26]. Let f: Q0 X R® — R™ be
of the Carathéodory type defined in the measurable
subset 0 € R"™, s.t.

If Gl < @) +E@IyII%, vVx € Q,y € L7(Q),

where ¢ € [3(Q), € LF-a(Q), and 1< a < P, if
1<P<o,and{=0,if P = co.

Then F(y) = [ of (x,y(x))dx is continuous on
1P ().

Theorem 2.1.7 (TRP) [27]. LetQ c R? be a
bounded Lipschitz domain with boundary I' = 0,
then the following TRO exists Ty: H1(Q) — L2(I),
s.t., Tou = uyr, and || Toull 2y < cllullgr(q),
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where ¢ = c(Q,d) be a suitable constant and Tyu
represents the trace of u on T

2.2 The Proposed Problem
Let © c R? be any open bounded Lipschitz domain

with boundary I' = 91, then the TNLEPDESs with the
HDBC:s are:

Ay + By + ci(0)y; —di(x)y,

+d,()ys + + filoy) (D)
= h,(x),in Q
Ay, + By, + ¢ (0)y, + di(X)y, — @)
d3;(0)y3+f2(x,¥,) = hy(x), in Q
Azys + B3ys + c3(0)y; —d,(x)y, + 3)
d;(x)y, + +f3(x,¥3) = h3(x), in Q
y; =0, on T. 4)
y,=0, on T (5)
y;=0, on T (6)

5 3
where x = (x1,%3),y = (V1,Y2,Y3) € (Hg(ﬂ)) 5

a a
Ay = _Ziz,jzla_xi(alij(x) ﬂ), =123,

6x]-

4 P
By, = ¥i_q by (x) a_zi’ =123, ¢,d, €L*(2),
a,d; =0, by, a5 €L7(2) by = Byj >0, ay; =
ay; > 0,v1=1,23, Vi,j=1,2and the functions
fi(x, v), hy(x) € L2(Q) for | = 1,2,3 are of the type
of Carathéodory on Q X R and on () resp.

2.3 The Weak Formulation of the
System

The WF of ((1)-(6)) resulted by multiplying them by
the “test function [28]” v, €V =H}(Q), (=
1,2,3), then taking the integral and finally by utilizing
the general Green’s theorem [29] for the terms that
have 2" order of partial derivatives, to get:

2 9y19v1
Jo =1 auj ox; 9% dx +

[7]
fg i1 by (%) aixtlﬁdx + fQ[C1(x)Y1U1 -

(7
d; (X)y,v1 + dy(X)y3v]dx +
o fi G y)vsdx = [ hyvyda
0y, 0v:
fg %,j:lazija_xzia—xj x +
a
fg 12=1b2i(x)aixzi172dx + fn[c2 ) y,v, + ®)

dy (X)y1v; — d3(x)ysv,]dx +
o oo,y vadx = [ hyvydx
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f 9ys
QO l] 1 31]6

fg i=1b3i(x)aixj'l73dx + fQ[c3 (X)ysvs —
dy(X)y,v3 + d3(x)y,v3dx +
o FiCya)vsdx = [ hyvsd

By gathering ((7)-(9)), they give
(A@),9) = (F(x), ), (10)

where A:V — V*, with V=V xV XV and V* is
the dual of 17, s.t.

a"3d +

)

(A, V) = a(y, V) + (fi(x,y1), v1)q +
+(f2(,52),v2)0 + (f5(x,¥3), v3)q
a(y,v) = ay;(y1,v1) + by (y1,v4) +
(c1y1, V1) o= (d1Y2, v1)q + (d2y3,V1)q +
a; (V2. V2) + by (¥2, V2) + (62¥2, V2)q +
(d1y1,v2)q — (d3Y3,V2)q + a3(y3,v3) +
b3 (y3,v3) + (c3Y3,V3)q — (d2y1, V3)q +
(d3Y2,v3)q

(11)

(12)

_ ayl alil
where a,(y,, ;) = Zl] 1 ij 5 | 0x; -, for

by, v) = Zl 1bu(x) Uz, for l =123

(F(x), %) = (h,(x), vl)g + (hy (%), v2)q
+ (hs(x), v3)q

=123

(13)

2.3.1 Assumptions
The functions f;(x,y;) for L = 1,2,3 are of the type
Carathéodory and monotone [30] w.r.t. y;, Vx € (,

S.t.

D Ay ] < ¢ +6lnl,
Q x Rwith ¢, € 2(Q), ¢, = 0.

2) fi(x,0)=0,vx€eQ.

2.4 Solvability of the Triple Nonlinear
Homogeneous Problem

The solvability of WF (10) is proved in the following
theorem.

Theorem 2.4.1. The WF (10) owns a unique triple
solution (TRS) ¥ € (H& (.(2))3, if assumptions 2.3.1
are held with f; is strictly monotone.

Proof. The proof resulted through utilizing
Theorem 2.1.3, so let be started by proving that
(A(3),¥) in the LHS of (10) is coercive, as follows:
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(AN, ¥) = ay(y1,v1) + by (v, 1) +
(¢1y1, V1) — (d1Y2, V1) +
(d2Y3,V1)a+a, (Y2, v2) + by (¥, v2) +
(€2Y2,V2)q + (d1Y1, V2)o — (d3Y3,V2)q +
az; (Y3, v3) + b3(¥3,v3) + (¢c3¥3,V3)q —
(d2y1,v3)q +

(d3y2,v3)o+(f1(x, 1), V1) +

(2%, ¥2), ¥2)a + (f5(x, ¥3), ¥3)a

(AG),5) = TSy +
fg 1 by (%) ayl y1dx + fQ Cl(x)Y1Y1dx -
fg d;(X)yy,dx + fg d;(x)ysy dx +
0y, 0

fg sz—l Azij (x) a_}:a_iz dx fﬂ C2(X)y,y.dx +
fg 1b2:(x) ayz y2dx + fg d; (X)y,y,dx —

dy3 0
fg d3(x)ysy.dx + fg Lj=1asi(x ) - y3 d +
Ja
fg c3(X)ysysdx — fg d,(X)y, ysdx +

fg d3(x)y,ysdx + fgf1(x' Y1)y dx +
fgf3(x' Y3)ysdx + fﬂfz(x' Y2)Y2dx

(14)

fg i,j=1 all] (x)

a9y
12=1 bs;(x) a_xg;)@dx +

Since ali]'(x) > (xlij > O, (Vl = 1,2,3,Vi,j = 1,2),
and by utilizing assumptions 2.3.1, with putting

% 1= %% (%), in the 2", the 8™ and the 14"
i i
terms, then:

a
A@),9) = ay Ty fy 2]
fgc1(x)|Y1| dx
a
T Jo (o) ;a— (y,2)dx +
a
+ag; Xi- yz

i fg bzi(x) Ea_xi (J’zz)dx +

+ fg c2 () yz1?dx +
)
ot Jo bsi (0 35 (5P +
Jo s lysl?dx +
d
+azij iy fg 23"

+ fg_(fl (o y1) — f1 (x,0))(y1 —
0)dx +
+ fﬂ(fz (e, y2) — f2(x,0) (v, —
+ fﬂ(f3 (e, y3) — f5(x,0)) (s —

(15)

0)dx +
0)dx.
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Since f; is monotone w.rt. y;, and letting v i1=12), (@, =max|d;(x)], VI=13), and
a =min(ay;), VI=123,Vij=12, utilizing = x€Q
integrating by parts in the 2", the 5™ and the 8" terms (5 = Ecré%xldl @I,V 1=23).
on the RHS of (15), to obtain:
Therefore, by (20)-(25):

- o o 2 5 dy; 9
AG), y)>a( 21fﬂ| 1" g + 2@, DI < T X v fa 7 o, dx|+
|, o -
1fn| 03)* dx + X7, [, | 9y3|* ) Y Yol |fﬂa_zzvl dx| +213=1[/iz|f03’ﬂ71 dx| +
by = =
+J, (Cl(x) —32i=1 aLxli) |}’1|2dx (16) alf, 3’3—121 |dfx|y+ M:ngx)ﬁ_lvl dx| +
Obyi 5-1V1 .
+fg (Cz(x)_% ?:1(%2!,) ly,|%dx S0
a L oy . .
+ fn (63 (x) _% 2, 612) lys|2dx By utilizing theorem 2.1.2, to get:
la(y, v)| <
Select b;; and ¢, for Il = 1,2,3,Vi = 1,2, s.t. %
1wy dby 2 33’1 2d 61;1
() =3 =155, >0, x€Q, MY Lijj=1 X fg +
which gives
(A()_}),)_}) > aZzS=1 IIAylllfz(m. 17 i2,j=1( 63’2 (fn_ 6v2 ) +
Then by Lemma 2.1.4 1 2
6y3 2 6173
T - d
AG) 2 S50 Wil (18) I 1(fn ) (fa ") *
1
Adding (17) with (18), setting C, = min(a,5), o+, ( I % )2 ( fﬂlvllzdx) +
get: a5, E 1
T - 2 2d 2
AP 2 Co ZaUyillfaigy + 18y1l172 ) = (% kam'x)+
C 3_ 2 . = 1
021—1 ||J/z||H3 (fﬂ 0}/3 X)Z (fﬂ|173|2dx)2+
Thus: 5 1 .
(A, 9) = coninz ) (19) +(fnly1| dx)Z(fﬂlvll dx)? +
HE(n 1 1
. +(fQ|yz|2 dx)z(fﬂlvzlzdx)2+
On other hand, since a;;;(x), by; (%), ¢,(x), d;(x) € 1 1
L=(Q), (V1 = 1,2,3,Vi = 1,2), s0: +(folysl? dx)2(f,lval?dx)? +
1 1
R +(f 1212 dx)?2( [, lv4|2dx)?+
fﬂ i,j= 1allj(x) =24 Bx-ldxl < ) 1 ) 1
o j (20) +(fnly1| dx)z(fﬂlvzl dx)2 +
9L o 1 1
L=t Qax; ax | +(fQ|Y3|2 dx)z(fﬂlvllzdx)2+
b d 1 1
|fﬂ i=1 ll(x) 171 x| (21) +(fQ|J/1|2 dx)z(fﬂlv3|2dx)2+
i= l.ul|fga vldx| 2 % 2 %
+(fnly3| dx) (fﬂ|172| dx)? +
o < A5 Dk a0l (wrao))
UQ dl(x)Y3—lVl| < l?1|fﬂ Y31V dx| (23) al¥2 '3 ’
|Jo 1C)ys-v1| < it fy yamivy dx| (24) Where ¢ = max{u, @, fip i), VI = 1,2,3,Vi = 1,2.
UQ dl(x)ys—lvl| < ﬁ3|fﬂ}’5—ﬂ71 dx| (25)
whete gy = max|ay; (0], = maxlbyCol,

I, = max|c,(x)|.vl =123, (& = max|d,(x)|,
XEQN XEQ
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) The RHS of (26), can be represented as:
la(, D) << | § (Jylyl? dx)? + la@, D)l <

0y1

1
2 2
— X
ox; dx
1

P 3 1 ks {fglJ’llzdx + X1y
(fﬂ o ) x4 (flvi|?dx)? + a2 )z
v
) X{fnlv1|2dx+2i2=1 fg|ﬁ: dx} +
1 1
au1 5 2 2
l] l(fg ) + +4#{fgly2|2 dx+212'=1fn gﬂ dx} X
1
1 2 61;2 2
(Jolyal? dx)? + bar s X o o)+
1
1 , ) s 2 2
Y ) Jolval*dx + X o |50] dxp %
l] 1 fﬂ dx X -
avz|? 2
1 X {fﬂ|v3|2dx+2§=1 fﬂ|6xi3 dx} +
(fﬂ|172|2dx)2 + +#(fg|3’2|2 dx)E(fﬂ|v1|2dx)E +
1 1
\ +u(folya|? dx )2 (J,lva2dx)? + 27)
(b )+ Upmra):
U 1{Jg +ﬂ(fn|3’3|2 dx)z(fﬂ|v1|2dx)2+
1 1
) (26) Hu(folyal? dx)? (flvs[2dx)? +
Zd E_|_ 3 2
(J,lysl? dx) ([ lys1? dx)?(f,lvz12dx)? +
1 1
ol 1) ulfyal dx)H (o)
2 ( [ 2 x < 4 119 g (o011l oy +
1 +||Y2”H(} (Q)HVZHH(} ot
x A (olvs ) + sl sl o] +
+/~’l[”y2”1-1& (Q)HUIHH& @t
i . Hyallgg @ lv2llug @ +
s (|22 ax)  + sl o2 g oy +
\ . +||Y1”H(} (Q)HVSHH(% Tt
(folyal? dx)?(f,lva|?dx)? + H1ysllyg @ l1vallig @ +
1 1 +ly.ll llvsll
(fﬂ|)’1|2 dx)z(fnlvzlzdx)2+ Yallgd @ IV3ligd (Q)].

1 1 . _ .
+(fQ|J/3|2 dx)g(fﬂlvllzdx)i + Then, by setting p = 18y, it concludes
1 1

+H{labnl? ) (JylusPax) + 19O INE 0 Wl ap Py ¥
1 1 . - .

+([- 1512 dx)2([.|v,)2dx)? + Besides this result, from assumptions 2.3.1 and

(fn Y3 1) (fﬂ 2 1) then utilizing Proposition 2.1.6, once get the

(fnlyzl2 dx)z(fﬂlv3|2dx)2)> continuity of fﬂfl(x,yl(x))dx wrt yfor [ =

1,2,3).
Hence, (27) and (28), gives the continuity of j —

(A(Y), V) w.rt. y.
In the RHS of (10), it is obvious that the linearity

property of the functional F(#%) on (Hj (Q))3 it
satisfied, so it remains to show F (¥) it is bounded, so
from theorem 2.1.2:
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[F)| < X2olllhllz@llvilliz)] <
Z?=1[yl”vl”1,2(ﬂ)] <vyllv ||(

@)’ (29)

]/”17 ”(H& (Q))3

where ||hy|l;2q) < ¥1, ¥ = max(y), VI = 1,2,3.

Since f; is strictly monotone, let ¥ = j — ¥, then
from (15), one has:

(A6, =) = a(y,7 - ¥) (30)
+ (i y1),¥1 — V1o
+ (2(6,52), Y2 — ¥2)a
. . +£f3(x'¥3)'Y3 —¥3)a
(A3),7 -9 =a(3,7-7) (1)
+ (i 31), 71 — V1o
+ (2(6,92),¥2 — ¥2)a
+ (f3(x,¥3),¥3 — ¥3)a

Subtracting (31) from (30) for § # ¥, to get

AG) - AF).G - >cl[f -5, >0,

(1t @) (32)

Thus, from the above steps, all the hypotheses of
Theorem 2.1.3, are obtained, hence there exists a
. 5 3
unique TRS ¥ = (1, ¥,,¥3) € (Hi(2)) of (10).
Corollary 2.4.2. There exists a unique TRS y €
(H} (.(2))3 of the WF of the proposed TNLEPDEs

((1)-(3)), with the following homogeneous
NBCs(HNBCs):

F] a

6_ry11= fi=1 ali].aixt cos(ny, %) = 0, on I (33)
F] a

ﬁ= %,j:lazijai); cos(nz,xj) =0, on I' (34)
F] a

ﬁ: 2 a3ifaixj cos(ns,x;) =0, on I'(35)

where n,, (for £ = 1,2,3) is a normal unit vector on
[ and (ny, x;) is the angle between n, and the x; —
axis.

Proof. The WF which results from ((1)- (3)) with
the HNBCs ((33)-(39)) is similar to the WF in (10)
with v, satisfies ((33)-(35)) for £ = 1,2,3 resp., i.c.

(AN, ) = F(@). (36)

with (A(3), ) & F(¥) are defined in (11) & (12) resp.

Hence by Theorem 2.1.3, the WF (36) owns a
unique TRS y € (H3 (.(2))3.

Corollary 2.4.3. There exists a unique TRS y €

(Hl(ﬂ))3 of the WF of the proposed TNLEPDEs
((1-(3)), with the HRBCs:

280

dy; —
a;y; + an, a;y; +

a (37
+Zl-2,]-:1 alifa_};: cos(nl,xj) =0 on
[h%
ay; + B_nz =Y, + (38)
3
+Zl-2,]-:1 aZUaLxZi cos(nz,xj) =0, on I.
[h%
a3ys +ﬁ =azyz +
(39)
+Z” 1a3Ua cos(n3, J) =0, on T

where g1, 95,93 € L>(T) and @y, ay, a, > 0, and n,,
(¢ = 1,2,3) is as defined in corollary 2.4.2.

Proof. The WF which results from ((1)- (3)) with
the HRBCs ((37)-(39)) is similar to the WF in (10),
with v, satisfies ((37)-(39)) for £ = 1,2,3 resp., i.e.

(A(¥),y) = F(¥) (40)
with (A(3), ) & F(¥) are defined in (11) & (12) resp.
Hence by Theorem 2.1.3, the WF (40) owns a unique
TRS 7 € (H:(@))".

Corollary 2.4.4. There exists a unique TRS y €

(H} (n))3 of the WF of the TNLEPDEs ((1)-(3)) with
the following Mixed HBCs (MHBCs),

y,=0 on Tpl=123 (41)
eTp on Ty,l=123 (42)
anl

where the boundary I' of () be divided in two open
subset I and 'y, with I'=T,UTy, TNy = 0,
and n; is a normal unit vector on I'y.

Proof. The WF which results from ((1)- (3)) with
the HNBCs ((41)-(42)) is similar to the WF in (10)
with v, satisfies ((41)&(42)) for £ = 1,2,3, i.e.

(AGD, ) = F(). (43)

with (4(3),y) & F(¥) are defined as in (11) & (12)
resp.

Hence by Theorem 2.1.3, the WF (43) owns a
unique TRS y € (H3 (.(2))3.

Example 2.4.5. Let Q = [0,1]?> with boundary
I' = 0Q,, and consider the TNLEPDEs in ((1)-(3))
with the HDBCs in ((4)-(5)), where the coefficients in
((1)-(3)) are defined as

a 29
i%j:lg(ex +1jx ay]l) o (x) = el
Lod(x) = Ix? + [x% + 21,
filx,y) = |J’l|Yz, vi=123,

where h;(x) are given functions on (.
Now, since f;(x,y;) in the given TNLEPDEs are
satisfied Assumptions 2.3.1, then from theorem 2.1.3

Ay, =—

2 Ix;
i=1€ (2

By, =
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the TNLEPDESs (1)-(3) with the HDBCs (4)-(6), has
aunique TRS ¥y € (H(}(.Q))3.

2.5 Solvability of the Triple Nonlinear
Nonhomogeneous Problems

In this section, the solvability of the WF of the
TNLEPDEs with the NHBC:s is studied.

Theorem 2.5.1. There exists a unique TRS y €
(Hl(ﬂ))3 of the WF of the proposed TNLEPDEs
((1)-(3)), with the NHRBC:s:

dy
a;y; + ﬁ =y +

(44)

+Zl] lall]a cos(nl, )_ g1, on r

d
azY> a_:; =y, + (45)

3

+X7 i aZifaLxZi cos(ng,xj)=g,, on T

d
azys + +22 = azys +

ons (46)

+Zl] 1a3lja COS(n3, j) gz, on r

where g1, 95,93 € L>(T) and a4, ay, a, > 0, and n,,
(¢ = 1,2,3) is as defined in Corollary 2.4.2.

Proof. The WF of ((1)-(3)) and ((44)-(46)) results
through multiplying these equations by the “test
function” (v,,v,,v5) =BEV ={B:D € (Hl(.Q))3,
U satisfies ((44)-(46)), then taking the integral and
finally by utilizing the general Green’s theorem for
the expressions that have 2" order of partial
derivatives, to get:

a;(y1, v1) + (a1 y1, v)r + by (Y1, v1) +

(Y1, v1) — (1Yo, 1) + (dyys, v1)g + (47)

(f1(x, 1), v1)q = (hy,v1)q + (g1, V-

a, (2, v2) + (@22, v2)r + by (32, v2) +

(€22, v2)q + (d1y1,V2)g — (d3y3,v2)0 + (48)

(f2(x,¥2),v1)q = (hy, v3)q + (92, V21

az(¥3,v3) + (azy3, v3)r + b3 (v3,v3) + (49)

(c3¥3,V3)q — (doy1,V3)g + (d3Y, v3)g + (49)

(f3(x,¥3),v3)q = (h3,v3)q + (g3, V3)r.
Collecting (47)-(49), to get:

(AR, D) = F(D), (50)

Where:

(AR, D) = a(F, ) + (f1(x,¥1), v1)q +

(206, ¥2),v1)a + (f3(x,¥3), v3)0, (51)

with
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a(y,v) = a;(y1,v1) + (@11, v1)r +
bi(y1,v1) + (€Y1, v1)q — (d1Y2, V1) +
(d2y3,v1)q

+a, (2, v2) + (@Y, V) +

by (¥, v2) + (€22, V2)q + (d1Y1,V2)0 —
(d3Y3,v2)q

+a;(¥s3,v3) + (a3y3,v3)r +

bs(y3,v3) + (c3¥3,V3)q

—(dy1,v3)q + (d3Y2,V3)q (52)

here a;(y,,v,), b;(y;,v;) are as defined in (12),
(@y,v)r = [Layvdy. vl =123 &vv, € H'(2)

F(@) = X[, i (vdx + [rgvidy]l,  (53)

Now, to proof the corcivity and boundedness of
(A(¥), V), since:

T - 5} ¢}
A9 = [y ZEj= a5, @
f a,y,y.dy + fﬂ bu(x) o2 Y1dx +
fn c1(X)y1y1dx — fn d, (X)Y2V1dx +
f dz(x)y3v1dx + fﬂ fi(x, y)y,dx +
f 9y2 a}’Z dx +

Q

l] 1 21] ax
f azY,Y2dy + fﬂ bzz(x) 22z Yde +
fn o (X)y,ydx + fﬂ d, (x))’ﬂ’zdx -
f d3(x)ysv dx + fﬂfz(x'YZ)}’zdx +

dy3 dy
fg ij=1 3”63 3dx+fa3y3y3dy+

fﬂ i=1 b3i(x) 95 y3dx +fnc3(x)y3y3dx

fn d, (x)y1v3dx + fg d3(x)y,vsdx +
fn f2(x, y2)y-dx.

x +

Utilizing assumption 2.3.1, Letting % V=

E;(ylz), [ = 1,2,3, for the 3%, the 10™ and the 17™
terms, it becomes

(A 2 & 3, [y |52
i=1f9_ b1i(x)§ a_xi()ﬁz) dx + fQ ¢ (O)ys]? dx +

fg| ay2|?

Xi- 1fn by (%) 2 a_(YZZ) dx + [, c2()|y,|* dx +
ays|*

-1 lal3
St fobsi(0)3 5 052 da+ fy e (0lys P dx +
fQ(fl(x'YI) — f1(x,0)(y, — 0)dx +
fn(fz(x' ¥2) — f2(x,0))(y, — 0)dx +
fn(f3(x' y3) — f3(x, 0))(ys — 0)dx

ay1|?

dx + & [lyl|* dy +

dx +¢, fF|J’2|2 dy +

dx + € filyal* dy +

(54
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Since f; is monotone w.r.t. y,, utilizing integrating by KA, )| <
parts on the 3™,7" and the 11" terms in (51), to get 1 2 \>
— fah 2f5V1 dx | +
<A(y) y) 2 b=t ala
a by
fﬂ| n* dx + X7 1f 1(x) ly, % dy +

Ak dx)%(fr|v1|2dx)% +

a L
szrlyll dV+fQ(c1(x)—; ?zlaL;i)Iyllzdx+ i L
2 9y 2 v
b ol d"+64f'y2'2dy+ b (I f52 ) (fa?f dx) "

i [ z 1
Lo 22 Nyl dy + 6532 [,y |22 22t g + (ly]? dx)2(J v Pax)? +
fg (Cz(x) -3 =1 aaLxZiL) |}’2|2dx +

(ke o) (s} )
" i fj=1 Q alox, | ¢
+C fF|Y3|2 d]’+2?=1fpb3T(X) lys|? dy + 1 1 K
Jo (3(0) = 352 52) lyslPdx (55) (fr|y3|2 dx)z(f lvs|?dx)? +

1

63’3

=1 axi

= 1

] 2 3
Utilizing (16) in (64), and with b, >0 for | = ( Jo 52 24" x) (Jolval2dx)? +

1,2,3,Vi = 1,2, the (64) gives 1 .

_ 3y, 2 1
A9 = & 32, J, |2/ B (Ja 3] )" (flvatan)? +

1

R ] R ays|? 3 1

C3 12=1fﬂ |?ylz dx + Cs i=1 f_() | 63(113 dx + (fﬂ 3}/3 )2 (f0|173|2dx)2 +
1

) fF|J’1|2 dy + ¢, fF|YZ|2 dy + ¢ fp|3’3|2 dy, ) 5 217
= Co(Shey [0 dx + S0, [yl2 dy). (56) (fn'yl' d")l(fn'l’l' dx)? +

2 2 2 2
with 7 = min(2,, &, &),C, = min(é,, &, &, 1) (Jalyal? dx)(folva[*dx)? +
Now, from the assumption on (), and consider I, € I’ lya |2 dx)2( [ |vs]2dx)? +
is a measureable subset, |Ij| > 0, then there exist (f” Y3 )l(f” 3 )1
constants a; (T}), 0,(I7), 05(I;) > 0 independent of (f ly,1? dx) (f |v1|2dx) +

R 1)
G 2ot Lo By Ul P (losr )+
=0, X, fglVYI|2 dx + Y7, fr1|Yz|2 dy), (f lys1? dx) (f |v1|2dx) +

2 04”}7”21{1(!2))3,04 = Co min(oy, 0,, 03) (54) ([ Iy l? dx)j(fn|v3|2dx)j +
In addition, since  a;;(x),b;(x), ¢, (x),d;(x) € (fn|3’3|2 dx)f(fnlvzlzdx)j +
L2(Q), (V1 =1,23,Vi,j = 1,2), and VA, = maxlay| ([ |y, |2 dx)?( [, |v, |2 dx);} (58)
|fFZz3=1 aywdy | < a4 Ur v (57) where u = max{u;, A, @, @4} Y1 = 1,2,3.
Utilizing (55), beside the ((20)-(25)), to get Now, theorem 2.1.7 is used on the 2%, 4% and 6™
AG), M) < ZU 1l ngl :;’1 dxl + Ferms ip the previogs ineq.uality, then the resulting

inequality can be written as:
B et [, 2222 dx | + B |f, 22 dxl KAG), D) < 1
+ XA | foywidy| + 2 i |fgz_}):v1 dx| + w3 (o lyal? dx) + X5 (f 2] dx)2 X
- 1.“2|an 2] dX|+Zl 1H3|f_(2?3_32v3dx|+ )

Zl:l“lUQYIvl dx| +'“1|fgy2vl dx| + (fﬂ|v1|2dx) + 201 (fﬂ 2" )2

ﬁ1|fﬂ%v2 dx| + ﬁ2|fnY3V1 dx| +ﬁz|fQY1V3 dx| +

ﬁ3|fn)’3vz dx| +ﬁ3|fQJ’2173 dx|. 6y2

1
2
X

ly.1? dx)* + Xf (
And by utilizing Theorem 2.1.3, to get (fﬂ ’ ) b= fﬂ
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1

2 2
dx)
1
2 2
dx) X
1
2 2
dx)

v,
axi

(ARSI A

(L yal? dx)f + 57, (fﬂ

93
axj'

ov3
axi

(olvalax)? + 52,4 (1

1 1
+ (fnlyzl2 dx)z(fﬂlvllzdx)2 +
1 1
(ol ? )2 (fy vz 2ax)7) +
1 1
(fQ|Y3|2 dx)z(fﬂlv1|2dx)2
1 1
+(fQ|yl|2 dx)z(fﬂ|v3|2dx)2) +
1 1
(fQ|Y3|2 dx)z(fﬂlvz|2dx)2 +
1 1
(plyal? dx)2(fylvslPax)) +
1 1
El(fﬂlYllz dx)z(fﬂlvllzdx)z +
1 1
EZ(IQ'Yle dx)z(fﬂlv2|2dx)2 +
1 1
& ([ylysl? dx)2(fylvsPx)?)
KAG), D) <
.U3[||Y1||H1 (Q)”V1”H1 @ T 1y 1141 (n)”vznyl o T
Lyl g1 (Q)”V3”H1 @ T 1y 1141 (Q)”v1”H1 o T
1yl (_(2)||U2||H1 wt ly3 52 (Q)”vlllHl @t
lyy 151 (.Q)||U3||H1 @ T lys 1l (Q)”V2”H1 Tt
Iyl 41 (Q)”v3”H1 wt Cillyally (n)”‘ﬁ”yl T

Callyallg (n)”Vz”H1 @t Cllysllye (n)”v3”Hl (_Q)]a
< P||)7||( )3||13||( (60)

(59)

H1(Q) H1 (m)3’
With p = 12u,, u; = pmax(1, 1n513§(1 + 7).
From (58) and (28), the continuity of y +— (A(3), D)
w.r.t. J, is obtained.

The continuity of the RHS F (%) in (50) is proved
as:
IF@)| < ZE il GOl 2@y llvill 2o

+ 213=1||91(x)||L2(r)||171||L2(r)
< Zl3=1[yz||vi||111(n) + 171')71”171“111(9)]’

< Cll 1 2

where ”hz”LZ(Q) <, ”gz(x)”LZ(r) <Vu

y =max(y,v;7,), VI=123, and (=
3y,btherefore F(¥) is linear and bounded, hence by
theorem 2.1.3, the uniqueness of a TRS y €

(H* ()’ of the WF (50) is obtained.
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Corollary 2.5.2. There exists a unique TRS y €

(H(12))°, for the WF of the TEPDEs ((1)-(3)), with
the nonhomogeneous DBCs (NHDBCs):

Y1 =1 .onT (61)
Y, =g.onT (62)
Y3 =gsz.onl (63)

where g, (x), g,(x), g3(x) € L*(), § = (g1, 92, g3)-

Proof. Assume, W = (W, w,, W;) € (HZ(Q))3,
for which W = § = (g4, 95,93) on I. Sety =w +
Z with Z = (24, 2,,25) € (H? (!2))3 and the functions
fi,(for | = 1,2,3) is satisfies Assumptions 2.3.1 with
one different that Z instead of . Then the WF
obtained from ((1)- (3)) with the NHDBCs ((61)-(63))
is similar to the WF in (50), i.e

(4(2),9) = H®) (64)

here

(A@D), D) = a(Z, V) + (fi(x, 2, + wy),v1)q +

(f2(x, 2, + w3),v1)q + (f3(x, 25 + W3), v3)g, and
H@®) = F¥) + a(w, D)

with a(Z, ¥) (a(W, ¥)) is as defined in (12) with one
different that Z ( W ) instead of ¥, and F(?) is as
defined in (13).

In this point, for fixed W, the coercivity and the
continuity of the (A(z), ¥) is obtained by the same
ways that were used in the proof of theorem 2.4.1, and
the continuity of the RHS of (64) is obtained
depending on the continuity of the F (V) and a(W, ),
ie.

la(w, V)| < p [IW]|

(H& (ﬂ))3”17”(H& (Q))3
< p P”V”(H& (Q))3 (65)
OIS g2 SVIF Ny e (60

From (63a) and (63b), we get that

- < - = —
@IS PGy o0 Where 7 =p o+ .

Therefore, by Theorem 2.1.3, Z € (H&(.Q))3, or
y € (H! (.(2))3 is a unique TRS of the WF (64).
Corollary 2.5.3. There is a unique TRSy =

(Y1, Y2, ¥3) € (H! (.(2))3 of the WF of the proposed
TNLEPDEs  ((1)-(3)), with the following
nonhomogeneous NBCs (NHNBCs):

9y 9y
6_111 = 27 o1 Qi 0_); cos(ny, x;) = g,(x), on T (67)
ay ay
_6112 =7 azija—xj cos(ny, x;) = g,(x),onT (68)
9y 9y
6n2 =7 a3ifa_xj cos(ns, x;) = gs(x), on T(69)
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where (g4, g2, 93) € (L*(T))3 and n,, (for £ = 1,2,3)
is an outer normal vector on I and (n,, x;) is the angle
between the x; — axis and n,.

Proof. The WF results from ((1)- (3)) with the
NHNBC:s ((61)-(63)) is similar to the WF in (50), i.e

(A, y) = F(®). (70)

with (A(y),y) is as defined in (50) but with
neglecting all the terms that have the forms
(O(lyl, UZ)F, fOI'l = 1,2,3, andVUl € Hl(ﬂ),

F@) = Zi[fy hividx + gy,
In this case, the proof of the existence of a unique
TRS 7 € (H'(2))’of the WF (70) is obtained

directly form the above corollary 2.5.2.
Corollary 2.5.4. There exists a unique TRS y €

(H3 (12))3 of the WF for the TNLEPDEs ((1)-(3)),
with the homogenous Robin BCs (HRBCs)

0y1 _
ay, + o, ay, +

Li=1 a1ij% cos(ny, %;) = 0,0nT. 7D
ay, + :%z =y, +

Li=1 azuz—ﬁj cos(ny %) = 0, on T, (72)
azys + :%Z =azy; +

Li=1 asuz—ﬁ cos(nz %) = 0, on T, (73)

where a,,a,, a3 and n,, (for £ =1,2,3) are as
defined in theorem 2.5.1.

Proof. The WF results from ((1)- (3)) with the
NHDBC:s ((61) -(63)) is similar to the WF in (50), i.e

(AN, Y) = F(@), (74)

where (A(y),y) is exactly as defined in (11), then
from the proof of theorem 2.5.1, the coercivity and
the boundedness for (A(¥), ¥) is obtained directly.
On the other hand, the function F(#) in the RHS of
(74) will be in the form:

F@) = Zi[f, hividx], Vv, € H'(Q),

The demonstration of that F(¥) is bounded is
obtained directly, since it is an especial case from
those was proved in theorem 2.5.1, hence by Theorem

213,y € (Hl(.(l))3 is a unique TRS of (64).
Example 2.5.5. Let 0 =[0,1]> with boundary
I' =0Q,, and consider the TNLEPDEs in ((1)-(3))
with the following NHRBCs (44)-(46), where the
coefficients in ((1)-(3)) are assumed to be:

4 x-2+l]'x2- oy Ix
—|et I—=1,c(x) =e"
axi( ax]' ’ l( ) ’

— 2
Ay == Lij=1
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By, = Yi, e %, d(x) = Ix? + Ix5 + 21,
fioy) = vy, ey =1v1=123,

where h;(x) are given functions on ( and g;(x) are
given functions on I'

Now, since f;(x,y;) in the given TNLEPDEs are
satisfied Assumptions 2.3.1, then from theorem 2.5.1
the TNLEPDESs (1)-(3) with the NHRBCs (44)-(46),

has a unique TRS y € (H} (.(2))3.

2.6 Solvability of the Triple Nonlinear
with Mixed Boundary Conditions

The solvability for the WF of the TNLEPDEs with
Mixed BCs (MBCs), is studied as follows.

Theorem 2.6.1. There exists a unique TRS y €
(H? (12))3 of the WF of the TNLEPDEs ((1)-(3)) with
the following mixed BCs (MBCs),

Yi =9 on TIp1=123, (75
a
a—fli =gn on Ty,l=123, (76)

where the boundary I' of () be divided in two open
subset Iy and 'y, with I'=T,UTy, TNy = 0,
i € L*(Tp), gy € L*(Ty) and n, is a normal unit
vector on I'y.

Proof. The WF resutls from ((1)-(3)) with the
NHNBC:s ((75)-(76)) is similar to the WF in (50), i.e

(AN, y) = F@), (77)

with (A(y),y) is as defined in (11) (or as defined in
(50) but with neglecting all the terms that have the
forms (a;y;, v)r, forl = 1,2,3), and

F(@) = X[, ()vdx + prgzDVldVD +
f[‘NgleldyN]a Vv, € H'(2)

The proof of the corcivity and the boundedness for
(A(3),y) is the same so were proved in Theorem
2.4.1, and hence to prove the solvability of the WF
(66) through applying theorem 2.1.1, it remains to
demonstrate that F(¥) in its RHS is bounded, so by
utilizing Theorem 2.1.3 and Theorem 2.1.7, one has

|[F(v)| <
i [IChu v)al + |(ng'vl)FD| + | (g Vz)rN”

< Yialllhll iz llvill 2 +
||gzD(x)||L2(FD)||U1||L2(FD) + ”glN“LZ(FN)”vl“LZ(FN)]:
< Zl3=1[yz||vz||H1(Q) + ]71||U1||L2(FD) + )71”171“LZ(FN) ]
where ||hz||L2(n) =7 ||ng||L2(FD) <7
||91N||L2(FN) <y, for 1 =123

By utilizing theorem 2.1.5,
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”vl”LZ(FD) < Cl”Ul”H1(Q), fOI‘l = 1,2,3,

||Ul||L2(FN) < 51||Ul||H1(m, fOI‘l = 1,2,3.

Thus, with with C = 3max(y,, ¢,7,, €,7,)
= < ~ -

|F(U)| <C ”v”(Hl(Q))g"

Hence, the uniqueness of a TRS y € (H! (Q))3of
the WF (64) is obtained.

Corollary 2.6.2. There exists a unique TRS y €
(H? (12))3 of the WF of the TNLEPDEs ((1)-(3)) with
the following Mixed BCs (MBCs),

y;=0,onTlp,1 =123, (75)
W= g onTy =123, (76)
6nl

where g,y € L*(Ty).

Proof. The WF results from ((1)-(3)) with the BCs
((75)-(76)) is similar to those which is obtained in
theorem 2.6.1, with one different that the F(¥) will
be in the form Vv, € H1(2)

F@) = XL, i (O)vdx + prgzNVdeN]~

Which is an especial case from those was obtained in
Theorem 2.6.1. Hence the uniqueness of a TRS
7 € (H' (@) is obtained.

Corollary 2.6.3. There is a unique TRSy €
(H? (12))3 of the WF of the TNLEPDEs ((1)-(3)) with
the following Mixed BCs (MBCs),

Y1 = Yip, 0N FDll = 1;2;3, (77)

D=0, onTy, =123,

o (78)

where g;p € L*(Tp).

Proof. Again, the WF results from ((1)-(3)) with
the BCs ((75)-(76)) is similar to those which is
obtained in theorem 2.6.1, with one different that the
F (¥) will be in the form Vv, € H1(Q):

F(@) = i [f, (v, dx + fngleldYD]a

Which is an especial case from those was obtained
in Theorem 2.6.1. Hence the uniqueness of a TRS

5 € (H' (@) is obtained.

3 CONCLUSIONS

The MBTH with the help of the PFI were utilized
successfully to prove the existence of a unique TRS
(in infinite dimension) of the WF for the TNLEPDEs
associated with each kind of the homogenous BCs
(DBCs, NBCs, RBCs and MBCs). While the MBTH
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with the help of both, the general PFI and the TRP
were utilized successfully to prove the existence of a
unique TRS of the WF associated with each kind of
the nonhomogeneous BCs (DBCs, NBCs, RBCs and
MBCs). The results of this paper play an important
role to help many investigators who they interest
about solving these types of problems numerically.
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