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In this paper, we introduce and analyse new classes of generalized continuous mappings in topological spaces
using newly defined classes of m-open sets. Specifically, ®-h-continuous and ®-h*-continuous functions are
defined and investigated; a new generalized class, ®-h-irresolute functions is also proposed within the same
framework. A few fundamental properties and characterizations of these mappings are described. Moreover,
the associations among the proposed classes and some previously known types of generalized continuous and
irresolute functions are analysed systematically. This study supports some inclusion results between the
associated classes of generalized open and closed sets, and employs them to infer corresponding implications
between the introduced types of mappings. Additionally, it discusses characterization theorems for ®-h-
continuous and m-h-irresolute functions with respect to inverse images, closures and interiors. Not only that,
we research how these functions behave under restriction and composition, and we learn some of the
conditions which contribute to preserving the newly introduced continuity properties. Some examples are
provided to show that certain converse implications do not in general hold, and to elucidate the independence
of elements and sharpness of the reported results. Results derived from that research expand and synthesize a
number of the ideas already built in generalized topology, as well as providing a larger framework for

examining generalized continuity in topological spaces generally.

1 INTRODUCTION

Generalized continuous (cont., for short) mappings
and of course generalized forms of irresolute
functions are the most important research concepts in
theoretical and applied mathematical sciences, and
they have been presented and discussed over
the course of numerous years. Therefore, H. Z. Hdeib
[1] defined and studied the concept of @ -open sets (@
-op.-sts) and w-closed sets (w-clo.-sts, for short) as
well he presented in 1989 [2] the idea of ® -
continuous (o -cont., for short) functions as a
generalized of continuity. Afterward, novel types of
extended clo.-sts namely, regular extended w-clos.-
sts and regular extended m-cont. functions have been
presented via Al-Omari and Noorani in [3] and they
are studied their fundamental characterizations. Also,
other weak forms of cont. functions have been
introduced and discussed by A. Al-Omari et al, [4]
and studied some of their properties. Next, C.
Carpintero et al, [5] described the notion of faint ® -
continuity and presented novel characterizations
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related to this kind of continuity. Subsequently new
kind expanded of wg -clo. -sts has been offered via H.
Aljarrah et al, [6] and studied the necessary
characterizations for this type of ® -clo.-sts. After
that, B. J. Waqas and H. J. Ali [7] studied another
form of cont. functions namely, contra ® pre-cont.
functions, via the notion of @ pre-op.-sts. As well in
the same year P. Sasmaz and M. Ozkoc [8], defined
the notion of dw-op.-sts and presented some kinds of
continuity based on dw-op.- sts.

Next, F. Abbas [9] defined new types of open sets
namely, h -open sets (h -op.-sts, for short), also he
studied some properties of h -interior, h -closure, and
presented several types of h-functions in topological
spaces (top-sps, for short) such as h-cont., involving
original expanded -op.-sts and several basic
properties related these kinds of expanded spaces
have been discussed. In addition, Haza, Z. M. [10]
explored a new type of mappings, namely; w-proper
mappings.

In article, we will study continue and kinds of
functions via new types of ®-op.-sts in top.-sp,s.
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The aim of the present this article is to present and
study types of generalized of cont. functions namely,
wy-cont. and w 4+-cont. functions. Several motivating
characterizations and fundamental properties related
to these new kinds of functions are obtained.
Additionally, the relationships among such of these
kinds of functions are studied.

2 PRELIMINARIES

Throughout this paper, X and Y denote top.-sp's. For
any subset A of top.-sp's X, the w 4 -interior and w 4-
closure are symbolizes, Int,, (A) and Cl,,,(A)
respectively. In this section, we study some
definitions and the essential concepts that play
important role in our study.

Definition 2.1: [1] Let U be a subset of a top.-sp's
X .The set U is called w-op.-st, if for any point x €
U there is an op.-st V' containing x , such that V' —
U is countable, the complement of w-op.-st is w-clo.-
st, the set off all of w-op.-sts denoted by wO(X).

Definition 2.2: [9] Suppose G of a top.-sp's X is
h-op.-st, if for any nonempty op.-st V in X, V=X,
G < Int (G U V), the complement of £-op. is called
#A~clo.-st and the set of all £-op.-sts is symbolized by
£0(X).

Remark 2.3: The relation between w-op.-st and
A-op.-st are independent see [5].

Propositions 2.4: The following statements hold
for any sp. X:

(i) Every op.-set is w-op.-set. [1]
(i) Every op.-set is #-op.-set. [9]

Remark 2.5: The converses of propositions (2. 4)
are not true see [1] and [9], respectively.

Definition 2.6: [2] Let F: X — Y be a mapping.
The function, F is w-cont., if for every w- op.-st V' in
Y, the inverse image F~1(V) is m-op.-set. in X.

Definition 2.7: [9] A mapping F: X — Y is
called /4 -cont. if the inverse image every op.-st. of
Y isan /A - op.-set in X.

Definition 2.8: [9] A mapping F: X — Y is said
to be #A-irresolute, if for all A-op.-set U in Y
, F71 (W) is A - op.-set in X.

Proposition 2.9: [9] Every cont. is /i-cont.
function.

The following example to show the convers of
Proposition (2.9), is false.

Example 2.10: [9] Assume that X =
{123}, T= {0,X,{1,2}} and Y ={4,56},T, =
{0,Y,{4},{4,5}} with F:X — Y defined by
F(1) = 4,F(2) = 6,F(3) = 5,s0F is & -cont.
but is not cont.
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Definition 2.11: [11] Let F: X — Y and G:
Y — Z be functions defined as for all x € Z,
F(x) = G(x) istherestriction FonZ and F|,: Z —
Y where G = F|j,.

3 SOME CHARACTERIZATIONS
OF w;4-CONTINUOUS
FUNCTIONS

This section, devoted to present various
characterizations and important properties related
wg-open set with some properties also new types of
continuous functions via w4 -open. set which are w -
cont. and w,+-cont. functions, as well to verify some
certain properties of w,-irresolute functions in top.-
sps (Fig. 1).

Definition 3.1: Let X be a top.-sps. A subset A C
X is called wy-op. if for every x € A there exists an
#-op.-st G, containing x such that G, —A is
countable. Equivalently, the complement of w,-op.-
st.is wy-clo. st.

Example 3. 2: Consider the set X = {a, b, c} with
topology T ={0,X,{a},{a,b}}. Then The
collection of w, - op.-st in X can be written as

TIL = {g' x! {a}, {b}, {a! b}! {b! a}}

Propositions 3. 3: Let X be top.-sp's, then:
1) Every op.-st (respectively, clo.-st) is wy-op.-st
(respectively, w,-clo.-st).
2) Every w-op.-st (respectively, w- clo.-st) is w,-
op.-st (respectively, w,-clo.-st)
Every £i-op.-st (respectively, £A-clo.-st) is wy-
op.-st (respectively, w,-clo.-st).

3)

Definition 3. 4: A pointx € G is w,-interior
point of G iff there is w4 -op.-set H, containing x such
that x € H, € G. All w,-interior point of G is called
wy,-interior set of G and symbolizes by Int,, (G).
That is Int,,,(G) ={x € G,3 wy-op.-st H: X €
H < G}.

Proposition 3. 5: Let G, H be two subsets of a
top.-sp X, then:

I-Int,,(G) €G.

2-Int,,(G)) is w-op.-set.

1- Int,,,(G) =G iff G is w,-op.-set.

Proofi-1and 2 satisfy from Definition 3. 4.

3- Suppose G is w, -open set, from 1, we have
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Letx € G,then x € G € G , since G is wy-op.-st.,
so x € Int,,,(G). Hence, G < Int,, (G)....... ().
From (*) and (**), we get G = Int,,, (G)
Conversely, suppose Int,,(G) = G , and let x € G,
so x € Int,, (G), from Definition 3. 4, there is w,-
op.-st P, containing x such that x € P, € G.That is
X € Uyee P € Gand G € U, Py, this implies G =
Uxec Py, 80 G is wy,-0p.-st.

Definition3.6: Let (X, T) be a top. sp. with U &
X, apointx € X is wy-limit point of U , if for each
wy-op.-set V,x €V, thenUN V —{x} # 0.

The set of all wj-limit points of U is the wy-
derived set of U and denoted by D,,,, (U).

Proposition3.7 : Let X be top.-sp., and G,H S
X . Then the following properties are hold:
1-1fG < H,then D, (G) €D, (H).

2- G iswy-clo-st. iff D, (G) € G.

Proof:-1- Letx € D, , (G), then by definition 3,6 ,for
each wy-op.-set V,x €V, then G N V — {x} # Q.
then since G S H, we get for each w,-op.-set V,x €
V, then HN V —{x}# @. That is x € D, (H).
Therefore, D, (G) € D, (H).

3- Letx € G, then x € G¢, so there is w4-0p.-
st. N,withx € Nand N € G, thatis NNG = @, then
N—{x}NG=0,x ¢ D, (G), therefore D, (G) <
G.

Conversely, let x € G¢, then x & G, from
hypothesis, D,,(G) € G, hence x € D, (G), so
there is w-op.- st. M, x € M with M — {x}NG = 0,
then M € G, thatis G is wy-clo.-st.

Definition 3.8: Let X be top.-sp and G < X, the
wy-closure of G is the intersection of all w,-clo.-sts
in x containing G, denoted by Cl,,(G). As well,
Cl,(G) is w,-clo.-set for every subset G of X'. That
isCl,,(G) =GUD,,(G).

Proposition 3. 9: Let X be top.-sp., and G,H S
X . Then the following properties are hold:

1) ¢6ccl,,(6).

2) IfG < H,thenCl,, (G) € Cl,,(H).

3) G°iswy-op. iff Cl,,, (G) =G.

4) 4-Cl,,(G) cClG).
Proof:- 1- From Definition 3.8, Cl,,,(G) =G U
Dy, (G)., then G = Cl,,, (G).
2-From proposition3.7, part(1), D, (G) € D, (H).
So,GuUD,,(G) SHUD,, (H),thatis Cl,,(G)
Cl,,, (H).
3-Let G€ is wy-op.-st., then G is w- clo. st. and from
proposition3.7, part(2), D,,(G) € G. so D,,(G) U
G <€ G, hence Cl,,,(G) € G and from (1) of this
proposition, we get Cl,, (G) = G.
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Conversely, since Cl,, (G) = G, that is Cl,, (G)
is wy-clo., so G is w-clo.

4- From Definition of wy-closure of G which is the
intersection of all w,-clo.-sets in x containing G, and
proposition 3.3, part(1). We get Cl,, (G) < CI(G).

Definition 3.10: Assume that F: X — Y be a
map between two top.-sp.s. The map F is called w,-
cont. if the inverse. image. of all op.-st A in Y is an
wp-op.-st in X.

Proposition 3.11: Suppose F: X’ — Y is a map
between top. sps. then:

i. Every constant funct. is w,-cont.

ii. If X is discrete sp.., then, F is w,4-cont.

iii. If X finite set and T any top., then F is w,-cont.
iv. If (Y,7*) is an indiscrete top. sp. then F is wy-
cont.

Proof:1i.since F(x) = a, forall x € X. Hence the
inverse image of any op.-st. in Y is either X or @ .
Thus F is w,-cont.
it. If X has the discrete. top., every subset of X is op.
Hence the inverse. image. of any op. in Y is op. in X’
.Therefore F is w,-cont.
iii. If X finite set and 7 any top., each subset satisfies
the cond. of w,-openness. Thus F is w,-cont.
iv. If Y has the indiscr. top., the only op. sets are Y
and . Their inverse. image. under F are X. and . Thus
F is wy-cont.

Proposition 3.12:
i - Every 4 -cont. is w,-cont.
ii - Every cont. is w -cont..
Proof:i-Let F: X’ — Y be an £A-cont. and A op.-
set in Y then, F~1(A) is £-op.-st in X thus is from
Proposition (3.3) part (3), F~1 (A) is wy-op.-set in
X, therefore F is wg-cont.
ii - Let F be a cont. function, and A op.-st. in Y then
F~1 (A) op.-st. in X, Thus by Proposition (3.3) part
(1) F71 (A) is wy-op.-st. in X, therefore F is wy-
cont.
The next example to show the convers of (3.12) is not
true:-

Examples 3.13:

i- Take X = {x,y,z}, with top. T,
{0,X,{x},{x,y}}, and let Y = {a,b,c} with top.
T, = {@,y,{b}}. Define a map F:X —Y
F(x) = F(z) = a,F(y) = b, thus Fis wj-cont.
but F~1 ({b}) = {y}is not & -op.-st. in X, so F is
not £ -cont.

ii- Let X = {1,2} and Y = {a,b}. Let X be a
discrete. And define a top. on Y by T = {6,Y,{a}}.
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Defineamap F:X - Y byF (1) = a, F(2) =
b. Then F is w,-cont. but is fails to be cont.

Proposition 3.14:Consideramap G: X — Y, the
following statements are equivalent:
1- G is wy-cont.
2- G Int(M) S Inty, (G (M) for every E S
Y.
3- G (E) is wy-clo.-st in X for all clo.-set M in Y.
4- g(a mh(B)) C G (CL (B)) for every B € X.
4- Cly, (G71(V) € g el (M) for

M CY.
Proof:(2—1) Suppose that M € Y since Int(M)
op.-set in Y, since § is wy-cont., in that case
F~1(Int(M))is wy-op.-set in X, consequently, from
Proposition (3.3), we obtain G l(Int(M)) =
Int,,, (G'(M)). Therefore, G lInt(M) <
Int,, (G (MD)).
(2—3) Suppose that M be a clo.-set of Y, then M€
is op.-set in Y, thus M€= Int (M°)thus from
@G~ (M) = G (Int (M€)) <
Int,, (G~' (M€)) but from Proposition (3. 5),

any

Int,, (G7' (M) € G~ '(Int (M) )
Gt (M) =Int,,, (G (M€)) Thus G~ (M€) =
(G L (M) cis wy-op.-set Therefore

Gt (M) is wy-clo.-set .
(3 = 4) Suppose that B € X, then CI (G(B)) is clo.-
st in Y, as a result wvia (3) we
obtain G~'(CL G (B))) is wy-clo.-st in X, containing
B thusCl,, (B) € G7'(CI(G (B))) . so from
Proposition ( 3.9), part (4) Cl,,(G(B)) <
ClL(G (B).
(4—5) Assume that M € Y, in that case via (4) we
get (Cly,, (G(GTHM))) € CLG™ (G (M), thus
from Proposition 3.9), part @)
(Cle, (G (M) € G (CL D).
(5—1) Assume that V' be open set in Y, then V¢
Cl(V€)by hypothesis Cl,, (G7H(V9)
Gt (CLG(V®))consequently Cl,,, (G~ (VF))
G (Cl (V9))),hence G (V) is wy-op.-stin X,
G is an wg-cont. function.

NN

Now, we introduce another type of continuous
function, formulated in terms of the class of open sets
already defined in Definition 2.2 and Definition 3.1
above.
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Definition 3.15: Suppose F: X — Y is a map.
The map F is called w-irresolute if for every w,-
op.-st A inY, then F~1 (A) is an w-op.-st in X.

Remark 3.16:
1-Every constant mapping is wy-irresolute.
2-If both X and Y are finite sps. and F: X’ — Y, then
F is an wy-cont.

Proposition 3.17: Every wj- irresolute function
is wy-cont. function.

Proof: Let F be a function from X into Y, and H
op. st in Y, then H is w,- op.-st. and F is wy-
irresolute, thus F'(H) is wgop. in X, then F is
w4cont.

The following example verifies that the converse
of proposition 3.17, fails in general.

Example 3.18: Suppose U be a usual top. on R

and T be indiscrete top. onY = {ab},
[ €
presume F:R —Y by F(x)={?)li];;ceg in

that case Fis an wy-cont., but not wg-irresolute.
Since, A-op.-sets in Y are @,Y,{a},{b} And w,-
op.-sts.inYare @,Y,{a},{b}. So, F"{(a) } = Qis
not w4 -op.-st.

Proposition 3.19: Every cont. function is wg-
irresolute function.

Proof:- From Definition 3.15, and definition of
continuous function we get the result.

Example 3.20: Let F: X—Y and X = {a, b, c}, T«
={0, X, {c}}and Y = {x, ¥}, T, = {0, Y, {y}} with
f(a) = F(c) = {y}, F(b) = {x}, the h-op.-sets of X are
{@, X, {c}, {a, b}} and w,-op.-sts in X are {@, X,
{c}, {a}, {b}, {a, b}, {b, c}, {a}}. well, £A-op.-sts in
Y are 0, Y, {x}, {y}, and wy-op.-sts in Y are @, Y,
{x}, {y}. In that case, F is w -cont., but not cont., not
# -cont. not w irresolute, and not w4 cont.

Proposition 3.21: Let F: X’ — Y , then F is an

wy,- irresolute if the inverse image. of every w-clo.-
st. in Y is an wy-clo.-st. in X.
Proof: Assume that A is wy-clo.-stin Y, so A€ is
wy-op.-st, in Y, Since Fis wy- irresolute then
F~1 (A) is wy-op.-st in X, because F~1 (A°) =
(F~(A))E, therefore, F~1(A) is wy-clo.-st in X.

Any text or material outside the aforementioned
margins will not be printed.
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Figure 1: The relationships between some types of
continuous functions.

Proposition 3.22: Assume F:X — Y is an one
to one £ —irresolute, then Fis an w-irresolute

Proof: Suppose that B be an wy-op.-set in Y and
suppose that x € F~1(B). Then F(x) € B and there
exists an A-op.-set C of Y with F(x) € C c B .Since
Fis #-irresolute, so F~! (C)is A-op. in X and
contains x and F~! (C — B) is a countable set, then
F~1(0) — F~1(B) is a countable. that is F~! (B) is
an w,-op. subset of X.

Proposition 3.23: Consider a mapping F: X —
Y . The following conditions are equivalent.

1- F is an w4-irresolute funct.

2-F (Cl,,(N)) €Cl,,(F (N)), for every set N €
X.

3- for all
C’lmﬁ(F‘l(M)) .

MeYc F'(l,, (M) c

Proof: 152, NCc X, then F(N) c
Y,Cl,,(F (N)) is wp-clo.-set in Y, because F is an
wyp- irresolute  thus
F71(Cl,,F(N)) is wp-clo-set in X from
Proposition (3.9) F(N) € (Cl,,,F(N)),
F~1(F(N)) € F~1(Cl,,F(N)),N €
F~'(F(N)), in that case N & F~*(Cl,,F(N)).
Since F~' (Cl,,, F(N)),is wy -clo.-set

thus (Cl,,,(N)) € F~' (Cl,,, F(N)), hence

F (Cl,,(N)) € F(F(Cl,, F(N)) €

(Cly, F(N)) 50 F((Cl o, (N)) € (Cl,,, F(N)).

from proposition(3.21),

hence
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23 Suppose that
(Cly, F(N)),¥N € XandM €
Y,then F~1(M) € X,Cl,, F~1(M))
Cly, (F(FT1(M)),  Since F(F (M) € M,
hence, Cl,,(F(F~*(M)) € Cl,, (M),
F(Cl,, F(F*(N)) € F (C’l mn(M))'
C’lmﬁ(F_l(M)) c F_l(C’lmﬁ(M)).

F((C,,(N) <

c

SO

1—-3, Assume that M be w,—clo.-st. of Y, then
M =Cl,, (M ) and Cl,,F(M) <
F~1(Cl,,(M)), in that case Cl,, F(M) S
F~1 (M), because F~*(M) € Cl,,,F(M), hence
F71 (M) € Cl,, F7* (M) thus F~* (M) is wy, -
clo.-st , then F is w, -irresolute funct.

Remark 3.24: The composition of two wy -cont.

mappings is not necessarily wy, -cont. function. The
following example illustrates this remark.

Example 3.25: Assume thatF: (R, T,) —
({a, b}, T;,4) defined as:-

n

if X
F(x)={ il)]:X E%Cand

G: ({n, m}, Ting) — ({0,1}, Tp)
Gn)=0,G(m) =1

m

such that

Now F and G are wy -cont. funct., since the
inverse image. of every op.-st is wy -op.-st of F and
G respectively but the composition GoF is not wy -
cont., since G1({1}) is op.-st in ({0,1}, Tp), but is
not wy -op.-st in (R, T,), that is (GoF )~*({1}) = Q¢
is not wy, -op.-st in (R, T,,).

Proposition 3.26: If F: X' — Y is an wy-cont.,

and G:Y — Z is cont., then GoF: X — Z is wy -
cont.
Proof: Suppose that B is op.-st in Z, then G~1(B) is
op.-stin Y and F is wy, -cont., then F~1( G™1(B)) is
wy, -op.-st in X, so (Go F)~1(B) is wy -op.-set in X
therefore, GoF: X — Z is an wy -cont.

Proposition 3.27: Consider mappings F: X —
Yand G:Y — Z .Ifboth if F is wy -irresolute and G
is wy, -cont. , then GoF: X — Z is wy -cont.

Proof: Take B is op.-st in Z. Then G~1(B)is an
wy -op.-st in Y. Because F is wy - irresolute then.,
F1 (G Y(B)) = (Go F)"1(B) is wy -op.-st in X.
Thus GoF is w,, -cont.

Proposition 3.28: Consider mappings F: X —
Yand G: Y — Z. If both Fand G are w, - irresolute,
then Go F is an wy - irresolute.
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Proof:  Suppose that M is wy- op.-st in Z,
(Go F)™Y (M) = F1(G™1(M)) since G is wy -
irresolute and M is wy, -op.- st in Z, hence G~ (M)
is wy-op.- st in Y, and F is wy -irresolute, thus
FY(GI(M)) is wp-op.- set in X, but
(Go F)™(M) = F~(G (M) so,
(Go F)™Y( M) is wy -op.- st in X, then GoF is wy, -
irresolute.
Now, we study restriction of wy, -conti. (wy+-cont.)
and wy-irresolute functions.

Proposition 3.29: Let F: X — Y ,and A € X.
Then:

(1) If F is wy -cont., then F | 4 is wy -cont..

(2) If Fis wy- irresolute, then F|4
irresolute.

is Wy -

(3) If F is wy+-cont., then F| 4 is wp+-cont..

Proof: (1) Let M be any op.-set in Y. Since F is wy -
cont. then, F~1 (M) is w,, -op.-stin X', so F~1(M) N
A is wp-op-st in A and (F|g) (M) =
F~1 (M) N A is wy, -op.-st, therefore F |, is wy -
cont.

(2) Let B be an w4 -op.- setin Y, but Fis w,, -cont.
then F~1 (B) is wy, -op.-st in X, F71 (B) N A is wy, -
op.-st in A and (F|A (B))™* = F~1 (B) N A, then
(F|A (B)) tis wy -op.-st in A , hence F | 4is wy -
cont.

(3)-The proof as the same as (2).

4 CONCLUSIONS

In this paper, we introduced and developed new
generalized classes of functions in topological spaces,
namely wy-continuity and wy-irresolute functions.
We established several fundamental properties and
provided precise characterizations describing their
behavior with respect to w,-open sets. In particular,
we investigated the stability of these functions under
restriction and analyzed their interactions with other
generalized forms of continuity. Moreover, we
explored the relationships between the proposed
concepts and various existing notions in the literature,
showing that many known results can be extended
and unified within this broader framework. To the
best of our knowledge, the approach presented in this
work offers a new perspective in the study of
generalized continuity and enriches the current theory

412

of topological structures. The results obtained in this
paper contribute significantly to the development of
generalized topology and open several promising
directions for future research, including the study of
stronger variants of wy,-continuous, decomposition of
topological properties, and potential applications in
soft topological and related generalized spaces such
as in reference [12].
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