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1 INTRODUCTION
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Matrix, Bar, Inclusions, Plastic Zone, Edge Effects, Stresses, Deformation, Crack, Boundary Layer Thickness,
Ideal-Plastic Material, Cylindrical Waveguide, Layered Composites.

In the work on stretching a matrix with a rigid inclusion - an ideal-plastic cylindrical waveguide, a technique was
developed for determining the thickness of the boundary layer, which can be generalized and extended to all
problems. This research investigates the singular problem of stretching a matrix with arigid inclusion (ideal-plastic
cylindrical waveguide) and proposes a generalized methodology for determining the thickness of the boundary
layer under varying loading and geometric conditions. The methodology integrates analytical derivations with
computational algorithms, enabling accurate evaluation of boundary layer thickness. The approach is designed for
seamless implementation in modern computational mechanics platforms, such as finite element analysis (FEA)
[20], digital twin systems, and automated engineering design workflows. Numerical simulations validate the
method’s accuracy, while potential industrial applications include optimization of composite material
reinforcement strategies in fibrous, woven, and laminated systems [23]-[27] and pipeline structural integrity
assessment. The work also identifies pathways for experimental validation and integration into digital modelling
environments, bridging classical mechanics with contemporary IT, automation, and computational engineering
trends.

In the following, we continue to study the
boundary value problems considered in the previous

In this paper, we consider the influence of edge
effects arising when pipes and pipelines of a finite
length are immersedin another medium. It is assumed
that one end or both ends of a pipe or pipeline
(hereinafter inclusions) having a finite length is
immersed in some foreign medium (hereinafter
matrix) in the well and boundary value problems are
considered about the current stress state of pipes,
pipelines and rods [1]-[3].

Furthermore, the proposed approach is adaptable
for integration into automated structural analysis
pipelines, digital modeling platforms, and Industry
4.0 environments. By leveraging CAD/CAE
integrationand digital twins, the model canbe applied
for real-time structural health monitoring and
predictive maintenance in industrial systems [4].
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work, taking into account the following additions [5],
[6]:
a) changes in the shape ofthe cross-section of the
pipe - inclusions;
b) changes in the properties of the inclusion
material and matrix - rock;
c) the influence of the thermal effects of the
matrix.

2 RESEARCH METHODS

A=E*/E”>» 1,6/e K 1E* E~t,,Consider the
singular problem of stretching an elastic plane along
a thinrigid inclusionofhigh thermal conductivity and
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finite width 21, coupled to the rest of the body by the
matrix at all points of the lateral surface, i.e.
conjugate to the matrix [2]. In this case, when the
Young's modulus of the inclusion 21 is much greater
than its thickness , i.e. , where and -are Youngs
moduli of the inclusion and the matrix, respectively,
near the inclusion in the matrix there is a boundary
layerin which only the shear stress is significant,and
all other stresss are negligible [7].

Let us assume that the inclusion is located along
the segment x, = 0, |x; | < [ in the matrix stretched
atinfinity by the stress 7,; = P;; alongthe inclusion

(Fig. 1).
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Figure 1: Schematic of a boundary layer in an elastic plane
with solid inclusions.

The general solution of the boundary layer
equations in the matrix is as follows:

T
U, =V+%x29

T, =T =const. (1)

Here v and 7 are arbitrary functions x1, # is the
matrix shift modulus.

T,, As can be observed, the stress is constant in
the cross-sectionofthe boundary layer and is equal to
the shear stress (x 1) on the banks of the inclusion, and
the displacement ul is linear (function) x2.

At x, = 0, the boundary layer is associated with
an inclusion. Due to rigid adhesion to the matrix, the
displacement u1 of the matrix at this point should be
the same as the displacement u of the inclusion.

Therefore, V =V (x;)in formulas (1) is the
displacement of the inclusion at the corresponding
points.

Attheboundary ofthe boundary layerat x, = +4,
the field in the boundary layer (1) must be "stitched"
with the external, unperturbed field u; = x, p;,E~ as
a condition for"stitching" it is natural to require the
equality of the longitudinal deformation &; =
Jdu,/0x, and another field at the boundary of the
boundary layer at x, = xA.
As a result, based on (1), we obtain

724

i

V() - (n)= )
-
Together with the equations
T=E*V(x;), t=-1/207(xy). (3)

we obtain a closed system of ordinary differential
equations for the functions V, 7 and 7.

The solution to this system gives the desired
solution to the problem posedin the boundary layer
approximation [8].

The structure of the field is shown in Figure 1: the
inside of the rectangle |x;| <[, |x,| <A is the
boundary layer, the outside of the same rectangle is
the unperturbed field.

First, we exclude V' (x,) from system (2), (3), we

find
T:E{]E)”_,LJAT,(XI)J T

Now we substitute T from the second equation in
(4) into the first, we obtain
T(xl):il+ 5A7 Tr/(xl).
E*Y E 2u
Here, the thickness & is assumed to be
independent of x1
The general solution of this second-order

differential equation has the form:

—1/20%(x,)(4)

(%)

, P 6
=G+ G i (6)
A +A5yzil+v'i
where
@)

_ | 2u
"=\ acE

Here C; and C: are arbitrary constants.

3 RESULTS AND DISCUSSIONS

The inclusioncan be subjected to direct external loads
applied to it. Consider the following four options
loaded (Fig. 2).

From an applied perspective, this methodology
can be embedded into computational tools for
automated pipeline design, structural optimization,
and simulation-based engineering. The model’s
adaptability makes it suitable for software-based
material testing and rapid prototyping in
manufacturing [9].
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Figure 2: Different loading states of the inclusion.

The inclusionis free from external loads. In this
case, the free ends of the inclusion can be
considered unfinished, so thatthe stress at the
ends is equal to zero

at x;, =1 t=0. 8)
External forces are applied to both ends of the

inclusion. In this case, we have

at x, = 1 T=gp.

1)

2)

)
where p is the force per unit of thickness
(normal to Fig. 2).

Force P is applied to only one end.

In this case, the following boundary conditions
will be

at x, =—1 t=0 at x; =4l ng. (10)
The force P is applied at some point x; = § of
the inclusion. In this case, the solution has a
discontinuity at the point x; = &; find

atx, =+l =0

3)

4)

atx; =§+0 (1(€+0)— w€—0) =

o
(11)

The linear superposition of these four cases allows
us to study the general case of an arbitrary external
load on the inclusion [10].

We presentthe values of the constants C; and C;
in the general solution (6) for the first three cases,
obtained as a result of simple calculations:

1) The inclusion is free from external loads;

only the external p11 field in the matrix acts
C =C,= Z_PIL . (12)
2A8y°(1+v ™ )chye
2) Tensile forces Pare applied to both ends of
the inclusion, there is no external field in the
matrix (p11=0):
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C=C=-t
20chye
3) Force P is applied only to the right end of the
inclusion, there is no external field in the
matrix (p11=0):
) la )l
" as\chyl  jhyl > 48\ chyl ~ jhyl
In the case of the action of the internal force P at
the point x; =¢&, the solution consists of two
analytical parts (piecewise analytical solution):

(15)

(13)

v, +L(Cle”' —Cze’”‘)-pu—kx1 <&
YE?
T=

v, + %(Dle”‘ ~Dye ™ pplE<x, <1
y

Here V1 and V2 are some constants; only one of
them can be set equal to zero, since it is determined
by the displacement of the body as a whole.
Therefore, condition (15) does not provide an
additional condition for determining the stress field in
the inclusion.

Note that the equilibrium condition for the entire
inclusion as a whole must always be satisfied [11]

Z]IT(xl )abc1 =P (16)

It is straightforward to verify that in all previously
considered cases 1, 2, 3, the equilibrium condition as
a whole is satisfied automatically.

Using solution (14) and (15), we present the
following convenient formulas:

1 1 1
Gy _O)[jhy(m £) e+ rf)j

(17)

G

1 1
3¢ *O{chy(u £) i +5)J
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1 1 1

Dy =ZT(§_O{ch}/(1—§)_§h7(l—§)J (%)
1 1 1

D, = 17(5 - O{Ch}’(l B N f)J

In the considered case of the action of an internal

The solution of system (20) and (21), consisting
of four linear equations, can be written in the

following final form:

4. Force P is applied at the internal point x; = ¢

oftheinclusion, there is no external field in the matrix

force, on the basis of (2), (3) and (18), one should (P11 =0) v
additionally assume that the function 7(x;) is cer_ P e Mol 7| (22)
continuous at the point x; = & of application of an ! 25 1-e
external force P, i.e. p 2wl 2y
7(&—=0) = 7(&+ 0). (19) € 27,6%.%
Using the second relation (3) and (15), from this 26 l-e
we find: . P ¥ ¢
(e _ & oyl e g€ T€
; 7(£—-0) = 7(£+0). (20) G =53¢ (e T
an
CilYs—cyl7v$ =D, I =D, I7¢ D(‘ﬁ)? __i. yars8) | el e
On the other hand, conditions (11)based on (15) - 25 ¢ 1—e*"!
give p T=C1e"1 + Cje "1 at —l<x; <é
(D7 + D17 )= (Cre + €17 ) =2
o t=D; e’ +D,e "1 at E<x <l
Cilvs +Cyl778 =0
D, ¥+ D, 17 =0 (21)
e \
,/”// ‘ ‘ ‘
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Figure 3: Qualitative change in the stress distribution in the inclusion and matrix.
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The general qualitative picture of the behavior of
the functions V(x1), z(x1), and 7(x1) in this case,
accordingto (22),is shown in Figure 3. the functions
V(x1) and 7(x1) are continuous everywhere, but have a
break at the point x, = & (jump ofthe derivative). The
function 7(x,) has a discontinuity of the first kind at
the point x; = ¢.

Solution (22) allows solving the problem of an
arbitrarily distributed external load in the inclusion
p = p(x,). For this, it is necessary to replace p by p d
& in formulas (22) and integrate over £ from -/to /.
We get:

1 N L et — e e
T—Mjp(é{e’ (eygl—e”’ —e7° |+
-1
2yl

¥ -27¢
- - _ ce’l —e
ve e et —et | |d&
1_6471

(-1<x1<&) (23)

1 o) o o
T=— e’ ). -
26 le (5{ ="

2yl 2y¢
Y_e 7s

(21-x+¢&)x, e
—e’ ) Sp e )dé

E<x,<+)

Using formulas (6), (12) - (14), we study the
stresses in the connection for the following most
interesting cases [12]-[14].

1) The inclusion is free from external loads; the
matrix is stretched by stress p11 in an unperturbed
field.

In this case:
TzA&ﬁ%;uﬁ{}_iZ?] 9
(G2l
P, Jhyx,

T =
A27/(1 +v° )A chyl
Diagrams of stresses 7(x1) and z(x1) in this case are
shown in Figure 4.
The greatest value of the stress in the inclusion =
max is achieved in its middle at x1=0.

fo = e[ 1o (25)
A57/2(1+u’) chyl
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The tangential stress z(x1) at this point vanishes.
Using (7) we transform the divisor value
E 1
ASy (l+v )==-=— (26)
Flro)=75=-
Therefore, we have (1>>1):

r=AP, .[1_0}’7“1];

chyl IJ .

Tmax = ﬂ’Pll 1=
chyl

Let us dwell in more detail on two limiting cases:
= very wide inclusion when yI>>I

Tmax = 7\‘p11 (28)
= rigid inclusion (ideal-hard case) when 1<<I
2
Tmax = lﬂ’zjllj/zl2 l P“ (29)

2 25l +0)
As can be seen, the wider and stiffer the thin
inclusion, the greater the stresses are concentrated in
it; in this case, in the disturbed zone (boundary layer),
the matrix is completely freed from normal stresses.
This reinforcement effect is practically used in
composite materials [13]. The effectiveness of such
reinforcement can be further influenced by the
properties of nanoscale fillers, as demonstrated in
studies of composites with nickel [15] and iron [16]
nanoparticles. The mechanical behavior of such
composites is also governed by fiber and matrix
interactions described in the classical framework of
composite materials science [25], where the inclusion
of nanoparticles significantly altered the thermal and
structural characteristics of the base material. Stresses
in the inclusion can be thousands of times higher than
matrix stresses [17]-[21].
However, the possible effect of the inclusion width
is limited by the tensile strength of the inclusion [18],
[19], since an inclusion that is too wide breaks in half
in the middle. Let us find the maximum width of the
inclusion I=lmax, at which in its middle, at the point
x1=0, the limiting tensile strength of the inclusion is
achieved =B; using (29), we find

-1
Low = 1arci{1 - TBJ
Y AR,

0<l<lmax
Thus, the greater the Young's modulus of the
inclusion and its tensile strength, the greater the
reinforcing effect.
2) Tensile forces p are applied to both ends of the
inclusion, there is no external field in the matrix

(P11 =0).

(30)
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Figure 4: Stress distribution in the inclusion when the matrix is stretched
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Figure 5: Stress distribution when force P is applied to the ends of the inclusion
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Figure 6: Stress distribution when a force P is applied to one end of the inclusion
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In this case, we have

_ B, chyx, 3D
S chyl
=Py Jjhrx i |<I
2 chyl
The stress diagrams 7 and 7 in this case are shown

in Figure 5.

The greatest value of stress 7 is achieved at the
ends of the inclusion, therefore, the possible
magnitude of the force p is limited by the strength of
the inclusion at break p<dzs.

3) Force p is applied only to the right end of the
inclusion; there is no external field in the matrix
(»11=0).

In this case, we have

_P [ch;/xl

_P Jhyx,
chyl

J Jjhyl

Py [Jhe | chm,
o chyl  jhyl

(32)

+

(berl<)

Diagrams of stresses 7 and 7 in the inclusion are
shown in Figure 6.

Consider one interesting limiting case of this
problem, when the width of the inclusion tends to
infinity (y[—o).

First, in formula (32), we transfer the origin of
coordinates to the right end (Fig. 6), we obtain

_P ch7(l+x1)+ Jhy(l+x,) (x1<0) (33)
20 chyl Jhyl
For a very wide inclusion, when (y [—), from
this we find
P

T=—e™">

Tz—%pj/e’”' (34)

(y>>1, x1<0)

As can be seen, the perturbation from the external
force p decaysat a distance of the order of (3/y) from
the end of the inclusion [22]-[28].

4 CONCLUSIONS

The developed methodology not only offers a robust
analytical framework for determining boundary layer
thickness in elastic-plastic systems with rigid
inclusions but also demonstrates strong potential for
integration with modern computational mechanics
platforms and Industry 4.0 technologies. The
approach enables predictive modeling, optimization,
and real-time monitoring when combined with finite
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element analysis, digital twins, and automated design
systems. Inindustrial applications, it can be leveraged
for structural integrity assessment of pipelines,
reinforcement of composite materials, and
optimization of engineering components under
complex loading conditions. Future work should
focus on experimental validation, calibration of the
model with real-world data, and deployment within
automated design workflows to enhance its practical
impact. [24]-[26]
To summarize the scope of the analysis: the singular
problemaddresses stretchingofan elastic plane along
a rigid inclusion of high thermal conductivity and
finite length, conjugate to the matrix at all points of
the lateral surface. A general technique for solving
such problems was developed, yielding qualitative
and quantitative estimates of the stress states of the
inclusion and matrix under the following loading
scenarios:
= switching on is free from external loads;
= external loads are applied to both ends of the
connection;
= an external force is applied only to one of the
ends of the inclusion;
= external force is applied to an arbitrary
switching point.
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