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Abstract: This paper addresses the dimensionality reduction of multivariable function data, where observations are 

presented as labeled correlated curves on a shared time network, typically sampled on discrete and fuzzy 

networks. Given the complexity of the interactions between variables and time, we train a small latent space 

of functions using a functional autoencoder (FAE) to handle novel and unprecedented multivariable smooth 

trajectories. The experiment assumes a tightly controlled simulation design to test the method under realistic 

sampling conditions, where the sample size (n), time network resolution (Time), number of Fourier basis 

functions (φ), and noise level are varied. Several complementary performance metrics are used to determine 

the quality of dimensionality reduction: the mean integrated error (IMSE), variance conservation ratio (VPR), 

and Spearman's correlation coefficient (ρ)  to determine the overall geometry, and T(k) reliability to determine 

the local geometry of the reduced space. The results illustrate the trade-off between reconstructing and 

preserving the structure under different conditions, providing useful information about when functional 

autoencoders can be relied upon to be useful in multivariable functional analysis, preserving local structure, 

and reducing dimensions. 

1 INTRODUCTION 

Multivariable functional data analysis (MFDA) has 
become an important method of processing large-

scale complex data in which data are collected as a 
function at different positions or locations in a 
continuum as a vector of correlated functions [1]. In 
order to gain valuable information on such high-
dimensional constructs, the dimensionality reduction 
(DR) is necessary to maintain the underlying 

functional structure without deleting noise and slicing 
errors [2], [3]. Historically, this field has been 
dominated by classical methods, including functional 
principal component analysis (FPCA) and the various 
multivariate versions, as these methods can be 
interpreted as quasi-linear spaces [4]. MFDA, 

however, suggests that these linear models tend to fail 
in the cases where the data have multidimensional, 
non-linear interdependencies over time and  
channels [5], [6]. In order to address these constraints, 
the principle of representation learning has been 
generalized to functional space with functional 

autoencoders (FAEs) [7]. It has been demonstrated 

that FAEs can learn latent representations in a highly 
efficient way by minimizing the loss of reconstruction 

of functions by integrating both encoding and 
decoding functions [8], [9]. Although deep functional 
analysis models have grown in popularity, there is 
still a large gap in terms of systematic analysis of the 
quality of dimensionality reduction that is arguably 
more than reconstruction errors. The present research 

tends to concentrate on the Integrated Mean Squared 
Error (IMSE) and overlook the structural variance 
and geometric accuracy in the space of the embedded 
entities [10], [11]. This study will help fill this gap by 
performing in-depth simulative research that will 
examine the quality of dimensionality reduction 

under functional coding analysis. We introduce a 
multi-dimensional assessment system that does not 
only take the Integrated Mean Squared Error but also 
takes into account the structural variance (VPR) and 
geometric measures like Spearman rank conservation 
and reliability T(k) of the test, especially in terms of 

its stability at the new noise levels, accuracy of time-
networks and its performance with respect to different 
functional complexities. 
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2 RESEARCH METHODOLOGY 

We use a Functional Autoencoder (FAE) model to 
learn low-dimensional modes of multivariate 

functional measurements, where each measurement is 
made up of a few correlated curves observed on a 
shared domain and may be corrupted by measurement 
noise. The suggested methodology models every 
curve as a functional and not a finite vector and, 
therefore, allows the encoder-decoder structure to 

work with functions and reconstruct smooth paths. In 
order to represent realistic data-collection conditions, 
the design supports discretely observed curves by 
mapping the sampled values into the common 
functional representation before encoding. The 
second part of the paper describes the FAE 

architecture, formulating its functional mapping, and 
the training process employed in our simulation 
study. 

3 MATERIALS AND METHODS 

3.1 Functional Autoencoder (FAE) 
Algorithm 

A  Functional Autoencoder (FAE) extends the 
classical autoencoder to functional data, We have a 
set of multi-dimensional functional  

data X = {x1 ,x2 , … , x𝑛}, where>each/x𝑖 =
[𝑥𝑖1(𝑡),𝑥𝑖2(𝑡),… , 𝑥𝑖𝑃(𝑡)] and each 𝑥𝑖𝑗(𝑡) is a

function in the functional space ℋ  [10]. The goal is 
to learn a nonlinear function 𝑓 that transforms the 
functional data into a compact representation in a 

finite-dimensional vector space of dimension 𝑑, i.e., 

y𝑖 = 𝑓(x𝑖).
Because functional observations are often discrete 

and noisy, modern FAE implementations commonly 
include a projection/feature step that maps sampled 
values onto a common functional representation, and 
a basis-driven decoding step that reconstructs smooth 
curves evaluable at any (t).  

3.1.1 Structure of the (FAE) 

The FAE consists of two main components [11]: 

▪ Encoder: 𝜙: ℋ𝑃 → ℝ𝑑 maps the functional
data to a finite-dimensional vector space.

▪ Decoder: 𝜓: ℝ𝑑 → ℋ𝑃 maps the compact
representation back to the functional data
space.

3.1.2 Functional Weights Equation 

The functional weights 𝑤𝑘,𝑗
(𝑙)(𝑡) are functions that 

depend on the variable 𝑡 (e.g., time or space). They 
are typically represented using basis functions (e.g., 
B-spline or Fourier):

𝑤𝑘,𝑗

(𝑙)
(𝑡) = ∑ 𝑐𝑘,𝑗,𝑚

(𝑙)

𝑀

𝑚=1

𝜙𝑚(𝑡).   (1) 

where: 

▪ 𝑐𝑘,𝑗,𝑚
(𝑙)

 are the coefficients to be learned; 

▪ 𝜙𝑚(𝑡) are the basis functions;

▪ 𝑀 is the number of basis functions used.

3.1.3 Encoder Equations 

Calculation of the activation of the node k of the first 
hidden layer is made as follows: The summation of 
inputs that are dependent on the functional weights on 

the domain 𝜏𝑗 is computed. These sums are then 

subjected to the activation function 𝜎(. ) to get the 

value of the activities 𝑂𝑘

(1)
: 

𝑂𝑘

(1)
= 𝜎 (∑ ∫ 𝑥𝑗𝜏𝑗

𝑃
𝑗=1 (𝑡)𝑤𝑘,𝑗

(1)
(𝑡) 𝑑𝑡).         (2) 

where: 

▪ 𝑂𝑘
(1)

is the activation of node 𝑘 in the first 

hidden layer; 

▪ 𝜎(⋅) is the activation function (e.g., ReLU or
tanh);

▪ 𝑤𝑘,𝑗
(1)(𝑡) are the functional weights for the first

layer; 

▪ 𝜏𝑗 is the domain of the function 𝑥𝑗(𝑡).

3.1.4 Decoder Equations 

To compute the reconstruction of the function 𝑥𝑗(𝑡),

the sum of the values of 𝑂𝑘
(𝑙−1)

 of the preceding

hidden layer multiplied by the final-layer functional 

weights 𝑤𝑗,𝑘
(𝑙−1)(𝑡) of the reconstructed function 𝑥𝑗(𝑡):

𝑥𝑗(𝑡) = ∑ 𝑂𝑘

(𝑙−1)

𝑘

𝑤𝑗,𝑘

(𝑙−1)
(𝑡).                   (3)

where: 
▪ 𝑥𝑗(𝑡) is the reconstructed function 𝑥𝑗(𝑡).

▪ 𝑂𝑘
(𝑙−1)

 is the activation of node 𝑘 in the

previous layer. 

▪ 𝑤𝑗,𝑘
(𝑙−1)(𝑡) are the functional weights for the

final layer. 
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3.1.5 Loss Function 

We compute the difference between the original data 
𝑥𝑖,𝑗(𝑡)  and the reconstructed data 𝑥𝑖,𝑗(𝑡)  in all the 

samples and functional dimensions in order to 

compute the loss function. We square these 
differences then, and average them over all the 
samples and functional dimensions, which gives us 
the final loss function. 

ℒ(𝛺) =
1

2𝑛
∑ ∑ ∫ (𝑥𝑖,𝑗(𝑡) − 𝑥𝑖,𝑗(𝑡))

2

𝜏𝑗

𝑃

𝑗=1

𝑛

𝑖=1

 𝑑𝑡,   (4) 

where: 

▪ 𝛺 is the set of all functional weights. 
▪ 𝑛 is the number of samples. 

▪ 𝑃 is the number of functional dimensions. 

3.1.6 Training Using Functional Gradient 

To compute the functional gradient of the loss 
function with respect to the functional weights, we 
use functional calculus. 

3.1.6.1 Gradient for the Output Layer 

The gradient is calculated as a difference between 
original data and the reconstructed data and 
multiplied by the node activation factor in the first 

hidden layer. 

∂ℒ(𝛺)

∂𝑤𝑗,𝑘

(2)(𝑡)
=

1

𝑛
∑ 𝑂𝑖

(1)

𝑛

𝑖=1

𝛿𝑖,𝑗
(2)(𝑡).               (5) 

where: 

𝛿𝑖,𝑗
(2)(𝑡) = − (𝑥𝑖,𝑗(𝑡) − 𝑥𝑖,𝑗(𝑡))  .            (6) 

3.1.6.2 Gradient for the Hidden Layer 

We take the computed gradient of the output layer and 
multiply it with the input functional weight 𝑥𝑗(𝑡) 

followed by the application of the activation function. 

∂ℒ(𝛺)

∂𝑤𝑘,𝑗

(1)
(𝑡)

= ∑ 𝛿𝑘

(1)

𝑛

𝑖=1

⋅ 𝜎 ′ ⋅ 𝑥𝑖,𝑗(𝑡).              (7) 

where: 

𝛿𝑘

(1)
= ∑ ∫ 𝛿𝑗

(2)

𝜏𝑗

𝑃

𝑗=1

(𝑡)𝑤𝑗,𝑘

(2)
(𝑡) 𝑑𝑡.              (8) 

and 𝜎′ is the derivative of the activation function. 

3.1.7 Optimization Using Functional Adam 
Optimizer 

The functional weights are updated using the 
Functional Adam Optimizer, a generalization of the 
Adam optimizer for functional data. 

3.1.7.1 Calculating  Exponential Moving 
Averages 

The input representations and gradients moving 
averages with the decay parameters 𝛽1  and 𝛽2 are 
computed exponentially over time. 

𝑚𝑠,𝑗,𝑘

(𝑙)
(𝑡) = 𝛽1 𝑚𝑠−1,𝑗,𝑘

(𝑙)
(𝑡) + (1 − 𝛽1)

∂ℒ(𝛺𝑠−1)

∂𝑤𝑠−1,𝑗,𝑘

(𝑙)
(𝑡)

. (9) 

𝑣𝑠 ,𝑗,𝑘

(𝑙)
(𝑡) = 𝛽2𝑣𝑠−1,𝑗,𝑘

(𝑙)
(𝑡) + (1 − 𝛽2) (

∂ℒ(𝛺𝑠−1)

∂𝑤𝑠−1,𝑗,𝑘

(𝑙)
(𝑡)

)

2

(10) 

where: 
▪ 𝛽1 and 𝛽2 are decay rates. 

▪ 𝑚𝑠,𝑗,𝑘
(𝑙) (𝑡) and 𝑣𝑠,𝑗,𝑘

(𝑙) (𝑡) are the exponential 

moving averages of the gradients. 

3.1.7.2 Bias Correction 

Once the moving averages have been calculated we 
bias correct the exponential moving average of the 
representations and the gradients. 

𝑚̂𝑠,𝑗,𝑘

(𝑙)
(𝑡) =

𝑚𝑠,𝑗,𝑘

(𝑙)
(𝑡)

1 − 𝛽1
𝑠 .                    (11) 

𝑣̂𝑠,𝑗,𝑘

(𝑙)
(𝑡) =

𝑣𝑠,𝑗,𝑘

(𝑙)
(𝑡)

1 − 𝛽2
𝑠  .                     (12) 

3.1.7.3 Weight Update 

In order to compute the functional gradient, we 
compute the difference between the input 
representation in the previous step and the functional 
gradient in order to update the functional weights in 
the neural model. The resultant update is multiplied 
by the learning rate and then the square root of the 
functional gradient is divided with the learning rate to 
complete the update. To prevent the division by zero, 
a constant 𝜖 is added. 

𝑤𝑠,𝑗,𝑘
(𝑙) (𝑡) = 𝑤𝑠−1,𝑗,𝑘

(𝑙) (𝑡) − 𝛾 ⋅
𝑚̂𝑠,𝑗,𝑘

(𝑙) (𝑡)

√𝑣
𝑠,𝑗,𝑘

(𝑙) (𝑡) + 𝜖

.  (13) 

where: 
▪ 𝛾 is the learning rate; 
▪ 𝜖 is a small constant to avoid division by zero. 
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3.1.8 Training Algorithm 

1) Initialization. Initialize the functional weights
randomly using basis functions (Fourier) (1):

𝑤𝑘,𝑗
(𝑙)(𝑡) = ∑ 𝑐𝑘,𝑗,𝑚

(𝑙)

𝑀

𝑚=1

𝜙𝑚(𝑡).

where 𝑐𝑘,𝑗,𝑚
(𝑙)

 are random coefficients. 

2) Training. For each sample x𝑖  in the training set:

▪ Forward Pass. Compute the activations 𝑂𝑘
(1)

and 𝑥𝑗(𝑡).

▪ Backward Pass. Compute the functional

gradients 
∂ℒ(𝛺)

∂𝑤𝑘,𝑗
(1)

(𝑡)
and

∂ℒ(𝛺)

∂𝑤𝑗,𝑘
(2)

(𝑡)
.

▪ Update the weights using the Functional
Adam Optimizer.

3) Iteration. Repeat Step 2 until convergence.

4 SIMULATION OVERVIEW 

The controlled Monte Carlo simulation that we 

performed evaluated dimensionality-reduction 
behavior of Functional Autoencoders (FAE) on 
multivariate functional data [12]. In both cases each 

observation is a vector of observed correlated 
functional trajectories on a common time domain 
recorded on a discrete grid. This is achieved by the 
underlying signals being generated in a Fourier basis 

expansion with (𝜑) indicating the number of Fourier 
basis functions that are employed in order to control 
the structural richness of the functional process and 
additive Gaussian noise is added to describe 

measurement error. The simulation is a full-factorial 
design with respect to sample size (n ∈ {20,50,100}), 

time-grid resolution (Time ∈ {90,230}), fourier-basis 
complexity (𝜑 ∈ {7,11,15}) and noise level (Noise ∈ 
{0.05,0.10,0.30}) with 54 experimental conditions. 

There are three sample sizes, and results are presented 
in Tables 1-6; in Table 1-3 the sample size is 
(20,50,100), in Table 4-6 the sample size is 
(20,50,100); performance is recorded at the possible 
combinations of (φ) and Noise, in Table 1-3 with 
(Time=90), as shown in Figure 1, and in Table 4-6 

with (Time=230), as shown in Figure 2. This 
organization can compare the direct dependence of 
growing sample size and temporal resolution to the 
learnt FAE representations at the same Fourier 
complexity and noise regimes. 

Table 1: Dimensionality reduction quality metrics for the FAE method at 𝑛 = 20, 𝑇𝑖𝑚𝑒 = 90, across Fourier basis 

𝜑 = (7,11,15)under noise levels = (0.05,0.10,0.30). 

𝜑 Noise IMSE dist ρ T(k) VPR 

7 0.05 7.3E-32 0.996432 0.616667 0.959512 

7 0.1 9.47E-32 0.994106 0.316667 0.802751 

7 0.3 7.42E-32 0.988743 0.466667 0.292551 

11 0.05 3.2E-32 0.993607 0.366667 0.916726 

11 0.1 6.19E-32 0.994651 0.383333 0.759609 

11 0.3 1.29E-30 0.991396 0.533333 0.297328 

15 0.05 4.52E-32 0.995583 0.533333 0.941025 

15 0.1 6.9E-32 0.995892 0.4 0.841659 

15 0.3 1.13E-30 0.991892 0.383333 0.307214 

Table 2: Dimensionality reduction quality metrics for the FAE method at 𝑛 = 50, 𝑇𝑖𝑚𝑒 = 90, across Fourier basis 

𝜑 = (7,11,15)under noise levels = (0.05,0.10,0.30). 

𝜑 Noise IMSE dist ρ T(k) VPR 

7 0.05 0.004749 0.997909 0.224 0.765948 

7 0.1 0.006998 0.99756 0.22 0.629704 

7 0.3 0.029748 0.99559 0.296 0.193887 

11 0.05 0.004333 0.997895 0.28 0.794337 

11 0.1 0.007254 0.997014 0.256 0.619779 

11 0.3 0.029886 0.996936 0.244 0.191291 

15 0.05 0.004477 0.998167 0.28 0.817043 

15 0.1 0.006931 0.997117 0.236 0.622546 

15 0.3 0.030984 0.996026 0.232 0.174125 
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Figure 1: FAE сomparison T =90 for all measures. 

 
Figure 2: FAE comparison T =230 for all measures. 
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Table 3: Dimensionality reduction quality metrics for the FAE method at 𝑛 = 100, 𝑇𝑖𝑚𝑒 = 90, across Fourier basis 

 𝜑 = (7,11,15)under noise levels = (0.05,0.10,0.30). 

𝜑 Noise IMSE dist ρ T(k) VPR 

7 0.05 0.00718 0.996846 0.18 0.690044 

7 0.1 0.011044 0.995621 0.172 0.500164 

7 0.3 0.050522 0.992418 0.158 0.1305 

11 0.05 0.006691 0.997165 0.176 0.724275 

11 0.1 0.010595 0.996089 0.168 0.539548 

11 0.3 0.049315 0.99179 0.156 0.136118 

15 0.05 0.006627 0.997123 0.176 0.728408 

15 0.1 0.01079 0.996055 0.146 0.552803 

15 0.3 0.049521 0.990865 0.17 0.137064 

Table 4: Dimensionality reduction quality metrics for the FAE method at 𝑛 = 20, 𝑇𝑖𝑚𝑒 = 230, across Fourier basis 

𝜑 = (7,11,15)under noise levels = (0.05,0.10,0.30). 

𝜑 Noise IMSE dist ρ T(k) VPR 

7 0.05 4.09E-32 0.993788 0.533333 0.903156 

7 0.1 3.9E-32 0.99437 0.316667 0.763277 

7 0.3 1.97E-31 0.990721 0.366667 0.29598 

11 0.05 2.68E-32 0.99354 0.3 0.935988 

11 0.1 3.95E-32 0.993098 0.216667 0.785938 

11 0.3 8.73E-32 0.990585 0.333333 0.30096 

15 0.05 6.65E-32 0.99514 0.466667 0.950148 

15 0.1 7.92E-32 0.994564 0.35 0.801037 

15 0.3 8.61E-32 0.988981 0.5 0.27157 

Table 5: Dimensionality reduction quality metrics for the FAE method at 𝑛 = 50, 𝑇𝑖𝑚𝑒 = 230, across Fourier basis 

𝜑 = (7, 11, 15) under noise levels = (0.05,0.10,0.30). 

𝜑 Noise IMSE dist ρ T(k) VPR 

7 0.05 0.003938 0.998087 0.236 0.82997 

7 0.1 0.00644 0.99804 0.216 0.656935 

7 0.3 0.032142 0.996881 0.232 0.173289 

11 0.05 0.003882 0.996339 0.24 0.7997 

11 0.1 0.00666 0.997507 0.228 0.667529 

11 0.3 0.031415 0.996273 0.22 0.174534 

15 0.05 0.004231 0.997718 0.272 0.808207 

15 0.1 0.006797 0.997329 0.236 0.627974 

15 0.3 0.032227 0.996169 0.228 0.177254 

Table 6: Dimensionality reduction quality metrics for the FAE method at 𝑛 = 100, 𝑇𝑖𝑚𝑒 = 230, across Fourier basis 

𝜑 = (7, 11, 15) under noise levels = (0.05,0.10,0.30). 

𝜑 Noise IMSE dist ρ T(k) VPR 

7 0.05 0.006285 0.996933 0.186 0.73421 

7 0.1 0.010051 0.996542 0.142 0.547647 

7 0.3 0.051923 0.99222 0.144 0.123238 

11 0.05 0.006136 0.99732 0.17 0.713831 

11 0.1 0.009893 0.996248 0.168 0.553869 

11 0.3 0.051195 0.991295 0.16 0.129688 

15 0.05 0.00603 0.997071 0.158 0.744129 

15 0.1 0.00998 0.996028 0.154 0.54371 

15 0.3 0.051235 0.991648 0.146 0.126977 
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Resting on the results of the simulation as shown 
in the six tables above, a brief statistical analysis may 
be carried out to represent the primary performance 
trends in the investigated scenarios. 

First, the prevalent factor in each table is noise; 
e.g., in Table 1 the variance preservation ratio VPR 
decreases sharply as Noise increases from 0.05 to 
0.30 (e.g., for(φ=7): from 0.9595 to 0.2926), with a 
similar decline across(φ=11) and (φ=15), whereas 
dist ρ remains very high with only a slight reduction 

(e.g., from 0.9964 to 0.9887). The reason is that an 
increase in noise decreases the signal-to-noise ratios 
and thus hampering the capability of the latent 
representation to represent the actual functional 
variability and thus collapsing VPR, whereas dist ρ is 
a rank measure that is robust to perturbations 

provided the global structure is not heavily 
compromised. 

Second, when comparing the two groups’  
Tables 1-3 and 4-6 shows that settings producing 
near-zero IMSE (e.g., Table 1 and Table 4) are 
generally associated with higher VPR and relatively 

higher T(k) than settings where IMSE takes clearly 
positive values (e.g., Tables 2, 3 and Tables 5, 6). One 
possible statistical reason is that there are 
configurations where the reconstruction attains an 
easier regime (because of the properties of the 
sample/grid, or because of the calculation and 

normalization of IMSE) with results essentially 
perfect reconstruction, whereas in other 
configurations reconstruction becomes more 
difficult, as IMSE rises to non-scientific-notation 
values (from 3.21E-32 to 1.29E-30) in later tables, 
and the variance goes down and the neighborhood is 

in place, e.g. 0.004268-0.031072. 
Third, one can see the impact of the time 

information through the corresponding table: VPR 
improves.modestly.in.some..low-noise.cases(e.g., 
)φ=7), Noise (=0.05): on 0.7659 in Table 2 to 0.8300 
in Table 5 and on 0.6900 in Table 3 to 0.7342 in Table 

6 and dist ρ is near one. This is not surprising since a 
higher/ denser temporal sampling gives more 
information to learn, the numeric approximation error 
tendency is lesser and the FAE could better represent 
functional dynamics. Lastly, the functional 
complexity φ effect exists but is second-order to 

noise: at the same noise level, VPR and T(k) tend to 
vary only a little between (7, 11, 15), as due to 
different φ levels changing the signal 
shape/complexity, but when noise dominates, signal 
quality and contamination drive the metrics more than 
does variance between 15 and 7. 

 

5 CONCLUSIONS 

The simulation study yielded three principal 
conclusions: 

1) In multivariate functional data, the performance 
of functional autoencoders (FAEs) is first of all 

influenced by the level of noise: the more noise 
is used in the measurements, the less functional 
variance will be retained in the latent 
representation, the less accurate the potential 
reconstructions can be. 

2) Regardless of this sensitivity to variance 

preservation and reconstruction, the extracted 
embeddings are very robust in preserving the 
global structure, and distance-order consistency 
is high across settings. It implies that FAEs are 
able to preserve general geometrical 
correlations despite the decline in local 

accuracy. 
3) Local neighborhoods are not as stable to 

maintain, particularly when there are small 
samples, which underscores the fact that the 
quality of local embeddings is more prone to 
perturbation and sampling variability than 

global geometry. In any design that is 
compatible, a systematic improvement in 
embedding quality can be achieved by 
improving temporal information (intensive or 
higher-quality field sampling) and minor 
variations in functional complexity are 

subordinate to noise. 

The findings indicate that the Functional 
Autoencoder (FAE) algorithm is effective in 
nonlinear relationship processing and dimension 
reduction preserving local structure. Nonetheless, the 
fact that the study uses simulated data restricts its use 

to realistic noise conditions. Future studies need to 
use FAE on real data and investigate its applicability 
in functional data classification and regression. 

6 RECOMMENDATIONS 

The researchers suggest using Functional 
Autoencoder (FAE) in order to cut the 
dimensionality of multivariate functional data 

with a focus on noise reduction and an increase on 
the density/regularity of the time-domain 
observation points to guarantee a more confident 
latent representation. They additionally suggest 
robustness testing of the findings by repeated use 
and variation of (k) in the case of proximity 

measures, careful recording of the error 
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calculation and normalization mechanism in case 
of near zero IMSE values to guarantee correct 
interpretation and reproducibility. 
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