Proceedings of the International Conference on Applied Innovations in IT (ICAIIT), March 2026

Partial Metric Spaces and Fixed Points for
Computational Applications

Ghaidaa Sadon Ashiaa and Salwa Salman Abed
Department of Mathematics, College of Education for Pure Science (Ibn Al-Haitham), University of Baghdad, 10053
Baghdad, Iraq
ghaidaa.hasan2203@ihcoedu.uobaghdad.edu.iql, salwaalbundi@yahoo.com, salwa.s.a@ihcoedu.uobaghdad.edu.iq

Keywords: Applications, Coincidence Points, Fixed Point, Multivalued Mappings, Partial Hausdorff Distance,
Partial Metric Space.

Abstract: A Partial metric space(G,p) gives a generalized mathematical basis that coordinates well with the
approximate theory and invariant elements. It serves as an essential tool in theoretical computer science due
to its applications in domain theory, recursion theory, denotation semantics, and distributed computing. This
advantage prompted the current study to support the theoretical aspect of the subject. Here, there are two cases
of work. The first one is finding a common fixed point in an ordered complete partial metric space (G, p, <
Yfor a (M, vy, ¢)-contractive map I' M: G — G w.r.t. amap M: G = G and a sufficient contractive condition if
I, M are two weakly increasing maps where 1, ¢ are altering distance functions. The second is finding a
coincidence point of a pair (I', ) and a coincidence point of a pair (M,m), where I', Mare multi-valued maps,
f,m are single-valued maps. All these maps are involved in setting up a contractionary integral condition
adopted in this part of the paper. The pair (I, f) is the strongest straight relying on (M,m). For this, the partial
Hausdorff distance, as proposed by H. Aydi et al., was recalled. Numerical examples were also presented to
illustrate these results and support our work.

1 INTRODUCTION see [5]-[6], G-metric space by Mustafa and Sims in
2006, see [7], [8] for this definition and other results.

PMS by Matthews, see [9]-[12] for various results
and applications. While Wangwe and Kumar [12]
reported varied results on the fixed points of F-Hardy-
Roger multi-valued maps in a PMS with ordering. For
spaces with special assumptions, see [13], [14], where
the proximity properties in fuzzy normed spaces and

computational models. The PMS provides a flexible modular spaces are Qigcpssed, respectively. By using
and powerful environment for studying spaces with the weak compatibility through F-contraction,

self-referencing distances, making them valuable in Vijayabaskerreddy and Srinivas [15] proved a
theoretical computer science [1]. common fixed-point theorem for two pairs of self-

In fact, Iterations, or repeating a process multiple maps. The authors in '[16] proposed the notion of
times, are a fundamental principle in computer doul:‘)le-controued partial metric type spaces and
science. When it comes to finding roots of equations, studied the existence of fixed points for the Kannan-
iterative techniques play a crucial role. Instead of type contractions.
solving complex equations algebraically, iterations The work in this search deper}ds on the PMS to
involve using algorithms that repeatedly refine an present some outputs about the existence of common

estimate of the root until it reaches a desired level of fixed points anc.l coincidence points. Our work is,
accuracy [2]. firstly, an extension of the work of Ampadu [17], [18]

Over the past decades, many authors have and later researchers who adopted his work. Tiwari,

generalized the concept of the metric space, such as see [19], [20], who started the concept of almost
the quasi-metric space by Wilson and contractions and studied many valuable results on

Nguyen [3], [4]. b-metric space by Bakhtin in 1989, fixed points regarding a Ciri¢ strong almost

The partial metric spaces (shortly, PMS) have
valuable employment in computer science, especially
in domain theory, fixed-point computations, and
semantics of programming languages. This is due to
its ability to handle self-referential structures and
incomplete information, making it well-suited for

231



Proceedings of the International Conference on Applied Innovations in IT (ICAIIT), March 2026

contraction in metric spaces. Babu [21]and Ciri¢ [22]
proved results for some kinds of this contractive
condition in an ordered metric space.

2  PRELIMINARIES

In the following, some basic notions are recalled in
PMS.

Definition 1:[1] Assume thatp: G X G — [0, o0)
is a function where G is a nonempty set. The pair
(G p)isaPMSifforall g,s,h € G,

r(9.9) < p(g,s).

if 0=<p(g,9)= p(g,5) = p(s,s) then, g =
s.

3. p(g,s) = p(s,9).

4. p(g,h) +p(s,5) < p(g,s) + p(s, h).

2.

Remark 1: [1]:
1) Ifp(g,s) = 0, then from 1 and 2 in Definition
4, g = s holds.
Any metric space is a partial metric space, but
the converse is not always true, as the
following: if G = Rtand p(g,s)=
max{g,s}. Then (G,p)is a partial metric
space and p(g,g) # 0. For all g € G\ {0},
but it is not a metric space.
A partial metric p onG generates a T,
topology 3, with a base of the family of open
p-balls B,(g,6) = {s € G: p(g,s) <
p(g,9) + e€}forallg € Gande > 0.

Definition 2: [23] Let (G, p) be a PMS and
{gn} be a sequence in G. Then:

2)

3)

1) {gn}converges to g € Gif p(g,9) =
lim p(g,9n);
2) {gn}is called a Cauchy sequence if
lim p(gm, gn) exists (and is finite);
n,m-oo
3) The space G is called complete (under J,)if

every Cauchy sequence {g,} < G converges
to g € Gsuch  that p(g,9) =

lim p(gm, gn)-
n,m—-oo

To illustrate the difference between PMS and the
usual metric, see the following example:
Example 1: Recall a PMS G

ith p(g,s) = ,s}h.Let{=
with p(g,s) = max {g,s}. Le {n}nEN

in G converging to both 0 and 1 to verify Definition

5, observe that:
(0,0) = lim p 0 1) fo 1}

PR% N nl—t?o P> n ’ n

[0, 1]
be a sequence

= lim max

n—-oo

0
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= lim max

n—-oo

and p(1,1) = llm p (1 —) {1 —} =1

This 111ustrates the difference from the usual
metric convergence. Moreover, because p(g,g) =
limp(g,9,) holds for any ge€G=][0,1],
n—-oo

{l} converges to all points in this PMS G = [0,1].
"neN

Lemma 1: [24]
1) Let{g,} and {s,} be two sequences in a PMS
G such that

p(g,9) = lim p(gn, g) = lim p(gn, gn)
p(s,s) = lim p(sy,s) = lim p(sy, sn),
n—oo n—oo
p(g,s) = lim p(gn, sp)-
In particular, p(g, h) = lim p(gy, h), for every h €
n—-oo
G.
2) Forg,sinG
» If p(g,s) =0,theng = s,
= If g # s,then p(g,s) > 0.

and
Then

Ciri¢ et al. [22] introduced a type of monotonic
map as follows:
Definition 3: The pair of mappings I', M: G — G
is called:
1) Weakly increasing if I'g < MI'g and Mg <
I'Mg forallg € G.
2) Strictly weakly increasing
and Mg < I'Mg forallg € G.

if 'g<Mlg

Clearly, a strictly weakly increasing map implies
a weakly increasing mapping, for example, see [22].

In PMS, Aydi et al. [25, 26] introduced a version
of Hausdorff distance as follows.

Definition 4: Let G be PMS and CB(G) = {A S
G: @ #+ A is closed and bounded, then
H,(A,B) = max{sup p(a, B),sup p(b,A): a € A,b

€ B}
for every A,B € CB(G),
inf{p(a,b),b € B}.
Proposition 1: [25] In PMS, for every4,B €
CB(G), the following are true
1) H,(A,A) <H,(AB),
2) H,(A,B)=H,(B,A),
3) H,(A,B)+infeecp(c,c) < Hy(A,C) +
(C,B).

Lemma 2: [25] Let (G, p) be a PMS, such that
p(a,b) < ,qu(A,B). For u>1, a€A3b=
b(a) € B and A, B € CB(G).

Aspects of this field require the following
concept:

Definition 5: [27] A function ¢: [0, ) — [0, )
is called an altering distance if it is non-decreasing,
continuous, and ¢@(t) =0 if and only if ¢ = 0

where p(a,B) =
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Shatanawi and Al-Rawashdeh. [28] treat with the
following kind in an ordered metric space (G,p < ):

Definition 6: [28] Let (G, p) be a metric space. A
map It (G,p)—(G,p) is called almost
generalized (), ¢)-contractive if Jx = 0 and
two altering distance functions 1, ¢ such that:

Y(p(T().T(s)) <P(A(g,9) — p(A(g,9))
+ kp(B(g,s)),

A(g,s) =

T 8
max [p(g. s),p(s,Ts),p(g, T g),W].

for all

B(g,s) = min[p(g,I'g),p(s,Tg)]
comparable g,s € G.

And then Shatanawi and Al-Rawashdeh proved
the following:

Theorem 1: [28] In a complete partially ordered
metric space(G,p, <), andI' is defined as in
Definition 6. Then I' has a fixed point if there
exists go € G such that gy < I'gy.

Chauhan et al. [29] introduced the concept of
strongly tangential property and generalized forms of
a multitude of common fixed points in a metric space.

Definition 7: [29] Let(G, p) be a metric space. A
map f:S — G be a single valued, I':S — CB(G) be
multivalued map, such that S € G thus:

1) The pair (f,I") is called quasi coincident
iffg elgforg€ Gand fg,I'g € S.
The map f is called coincidently idempotent
wrt. [ iffg €lg forg€e G and fg€ S

imply ffg = fg.

2)

3  MAIN RESULTS

3.1 Common Fixed Points

To generalize Theorem 1, the following new type of
map will be suggested.

Definition 8: Let(G,p <) be a PMS with
ordering. A mapl: (G,p) - (G,p) is called
(M, Y, p)-contractive if there is a map M: (G, p) —
(G, p) such that:

W(p(r(g), M) <¥(Alg,s)) - ¢(4lg,9)) +
kp(B(g,s)), (1)
p(g,s),p(s, Ms),p(g,I'g),

p(rg,Ms) +p(g,T'g) —p(Tg,Tg)
A(g,s) = max 2 ’

p(g,Ms) +p(s,I'g)

| 2 |

B(g,s) = min[p(g,s),p(g,T9)],
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for some x = 0 all comparable g,s € G, where Y, ¢
are altering distance functions.

Proposition 2: Let(G,p <) be a complete PMS
with ordering, I G — G is (M,y, p)-contractive
w.rt. a map M: G - G. If M are two weakly
increasing maps satisfying (1), then u is a fixed point
of I if and only if u is a fixed point of M.

Proof: If u is a fixed point of I', then ['u = u, and
u < u, putting in (1), thus getting:

Y(p(Tu, Mu) =p(p(u, Mu) <
p(uv u)! P(u: Mu): P(u: ru):
p(ruMu)+p(u,ru)—p(rulru)
J

Y| max 2
\ l p(u,Mu)+p(u,ru)
2
pu,u), p(u, Mu), p(u, 'v),
p(ruMu)+p(u,ru)—p(ru,ru)
@ | max 2 ’ +
\ l puMu)+p(u,ru) J/
2

Kk (min [p(u, w), p(u, 'u)]) such that k = 0,

Ypu, Mu) = P(p(u, Mu) — p(p(u, Mu))
+ k p(u, w).

Then ¢@(p(u,Mu)) =0
therefore u = Mu

The same way can be used to prove the converse,
meaning if u=M (), implies u=TI'(u).

Theorem 2: Let(G, p <) be a complete PMS with
ordering, I', M as in Definition 8 that satisfy (1) if T
or M is continuous. Then ' and M have a common
fixed point.

Proof: Construct an iterative sequence, suppose
that gy € G, and (g,) in G such that g,,,, =
Igon,and gopin = Mgy, for all n € N. Also,
', M are two weakly increasing maps with respect to
X, so getting:

thus p(u,Mu) =0

g1 = Tgo < MI'gy = g, Mg,
< FMgl = g3 . ngn < Mran. .

If gon = Gonyq foralln € N, then g,, =I'g,, and
hence g,, is a fixed point of I'. In the same way,
getting g,,, is a fixed point of M. And assuming that

ifgn # gnyr for all n€ Nto show that
lim p(gn, gn+1) = 0.
n—+oo
Suppose:
92n+1 = TGan,and gopyz = MGans, putting in
(1). Then:

YT Gan MGoni1) < lp(A(QvaQZnH)) - (p(A(anv92n+1))
+ k(B (Gans Gons1))-

@)
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A(Gzn G2n+1)
(9300 93011
(G301 M,1):
p(9,073,,):
=M p(rg,.Mg,,..) + (9,.79,,) = p(r9,,Ta,,)
2

0(9,,M3,,,,) + (9,0, 79,,)
l ’ 2 J

B(QZn' 92n+1)
= min[p(gzn, Gan+1), P(Gan, I G2n)]-
Then:
A(G2n Gans1)
p(.anr .92n+1)r p(.an+1r 92n+2)v p(.anr 92n+1)v
p(Gan+1 9ans2) + P(Gons Jon+1) — P(G2n+1, Jons1)
= max| 2
| P(9zn Gan+2) + P(G2n+1, I2ns1)

< max

2
p(.an»anJrl)r p(92n+1»g2n+2)
0(G2n> Gan+2) + P(Gon+1, Jons1)
lp(g2nr g2n+2)r 2
= max[p(gzn, 92n+1) P(G2n+1, J2n+2)]-
And

3

B(.92nr an+1)
min [p(gzn, Gzn+1), P(G2n, T G2n)]
= min[p(QZn' an+1) P(Gans g2n+1)]
= p(g2n G2n+1)
Putting (3) and (4) in (2), getting:
YT gan Mgzni1))
< w(A(QZn' an+1)) - (p(A(an'92n+1))
+ KED(B (gzns 92n+1))
< Yp(max[p(gan Gan+1), P(Gan+1, Gan+2)D)
— p(max[p(gan Gan+1), P(G2n+1, G2n+2)1)
+K¢(P(92n' 92n+1))
Suppose that, if
max[p(gzn, Gon+1)) P(G2ns1) Gon+2)] =
P(G2n) G2n+1), putting in (5). Then
Y(P(G2n+1 G2ne2)) < 1/)(9(9211'921”1))
~0(p(92n gzn+1)) + 10 (0(Gzn G2n+1))
< IP(P(!]an an+1))

(4)

©)

(6)

Now,

Ifmax[ﬂ(.gzn'92n+1).'P(:92n+1'92n+2)] =
P(gzn+1) Gzn+2), putting in (5). Then

Y(P(G2n+1) Gan+2)) < ¢(P(92n+1'92n+2)) -
—0(p(Gans1, G2n+2)) < Y(p(G2ns1, Gansa))-

That is contraction (7)

By (6) and (7) and monotonically 1, getting
{p(gn Gns1):n € N}is a non-increasing real
sequence, then 3t =0 such thatnl_gmo 0(Gns Gns1) =

t, asn - +oo in (6), therefore PY(t) < P(t) —
@(t) < Y(t) — 0wherey(t) = 0,thent = 0, and by

(7
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Lemma 1 and  Definition 5,  getting
p( lim p(gn, gn+1)) = P(t), then:
lim p(gn, gn+1) = 0. (8)
n—-+oo

The next aim is to prove (g,) is a Cauchy
sequence. Suppose not, then 3¢ > 0, there are two
subsequences (gm(;y) and (gn(;y) of (gn) such that
n(i) is the smallest index for which n(i) > m(i) >
L

P(Gamiy Goneiy) = & )
p(G2m(iy Gangiy-2) < & (10)
From (9), (10), and Definition 1, getting:
€ =< p(QZm(i)'QZn(i)) < p(QZm(i)'me(i)—l) +
p(Gamiy-1, 9any) — P(Izm(i)-1, Gam(iy-1) by

Definition 4, thus
< p(QZm(i)vQZm(i)—l) + p(me(i)—lian(i)—l)
+ p(QZn(i)—l' an(i)) - p(92m(i)—11g2m(i)—1)
< 2[p(g2m@iy Gzm-1)] + € + P(2n)-1 G2na))
- p(QZm(i)—bQZm(i)—l)
For all i = 400 and using (8), getting:
p(g2m(i)'g2n(i)) = ll_}fgo p(QZ‘m(i)—lﬂan(i))
= p(g2m(i)192n(i)—1)
= p(me(i)—l'QZn(i)—l) =&
Then, from (1), the following was obtained:
Y (p(QZn(i)+1' 92m(i)+2))
=y(p (F(QZn(i))' M(QZn(i)+1))
<y (A(QZn(i)fQZm(i)+1)) - (A(QZn(i)vQZm(iHl)) +
Ky (B(gzn(i):gzm(i)u)) (11
Thus
A(Ganciy Gam@+1)

lim

i—>+0o0

p(gzrl(i)Jme(i)+1)'
p(G2may+1 MGzmey+1) P(Ganciy T 9oncoy)
p(T Gzny MGzm@y+1) +

P(Gan@r T 2ny) = P(T G2nciy T Gonciy)
, > ,
tlo(gzn(i);1"192m(i)+1) + p(G2mey+1: T G2ny) J

= max

2
p(gzrz(i)'me(i)+1)'p(me(i)+1ﬂme(i)+2)t
p(QZn(i)r.an(iHl)
P(QZn(i):gzm(i)n)
5
t10(9211(1')-.92m(i)+2) + p(QZm(i)+1'92n(i)+1) )
2

(12)

< max

And B(gan) Gomay+1) =

min [p(gangy I G2n)) P(Gzmaiy+1, T Gzn@) P(Gzniiy MGzmeiy+1)]
= min [p(gznqiy Izniy+1)r P(G2m@ +1> Gzn(iys1): (13)
p(92n(i)'92m(i)+2)]
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For all i = oo putting in (12), and (13), getting

iiimA(QZn(i)'QZm(i)+1) =&, (14)
il_gfgoB(an(i)'me(i)+l) =0. (15)

For all i = +oo putting (14) and (15) in (12), (13)

By Definition 5 the contradiction is given, since
P(e) < P(e) — p(e) < P(e), where p(e) =0.
Then (g,) is Cauchy, and the completeness of
G guarantees convergence of (g,) to v in G.

Finally, since v is a fixed point of M, thenv is a
fixed point of I' by Proposition 2.

Remark 2: The continuity condition in Theorem
2 can be replaced by another condition

Theorem 3: By the same assumptions in Theorem
2, without the continuity condition of maps, and
assume that g, € G whenever (g,)is a non-
decreasing sequence such that g, —» g imply g, <
g,V n € N.ThenT and M have a fixed point g € G.

Proof: Steps of proof as in Theorem 2, and there
exists a non-decreasing sequence (g,) in G such
that g, - u for some u € G. According to the
hypothesis g, < u. Then to show I'u = Mu = u.
Using (1) and (2) therefore:

- (16)

Y((I'(g20), MW) = ¥(p(gan+1, MW)
< lp(A(an' u)) - (p(A(QZn'u))
+Kl/)(B (an! u))

Getting:
Yo, Mu) =P(p(u, Mw)) — ¢(p(u, Mu)) +
kp(p(u, Mu))

Thus:
(,an, u)

P(Gz2n 1), p(g2n, M), p(2n, I'gon),
P gon, M) + p(w, I gon) — p(I'G2n, 'g2n)
= max 2 ’
p(u, Mu) + p(u, I'gay)

| 5 ]
P2 W), p(G2n MW), p(G2n, G2n+1),
<max | p(u,Mu) p(u,Mu)+ pW, gons1) a7
2 ! 2
B(gzn,w) = min [p(gzn, W), P(g2n, ' g2n)]
Therefore:
B(gzn,w) = min[p(gan, W), p(g2n I2ns)]  (18)
For all n - +oo putting in (17) and (18), getting
liln A(gon, u) = p(u, Mu) 19)
n—-+oo
lim B(gan 1) = 0 (20)
n—-+oo

For all n — +oo putting in (19) and (20), hence:
Y(p(u,MW)) < P(pw, Mu)) — ¢(p(u, Mu))

+ kp(p(u, Mu))
By Proposition 2, getting u = 'u = Mu.
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Corollary 1: Let(G,p <) be a complete PMS
with ordering, I', M as in Definition 6 that satisfy (1),
if there exists g, € G such that g, < I'g, for some 0
< k < 1, that satisfy
p(T(9),T(s)) < k(A(g,9)) + x(B(g,5)) (1)
Where:

p(9,5),p(s,Ms),p(g,Tg),
p(lg,Ms) +p(g,I'g) —p(I'g,I'g)
A(g,s) = max 2 ’

plg,Ms) +p(s,Tg)
| 3 |

B(g,s) = min[p(g,s),p(g,g)] for all
comparable g,s € G.

If I or M is continuous. ThenT and M have a
common fixed point.

Proof: Steps of proof as in Theorem 3, and
takingy(t) =t and (t) =t —tk, V 0 <t < +oo.
Hence, I' and M have a fixed point g € G.

To illustrate Theorem 3:

Example 2: Consider (G, p) a PMS G = [0, ®)
and p:G X G > Rt

Define the maps I, M: (G, p) = (G, p), such that:

0 whereg =s

p(g,9) = {max {g,s} whereg # s
rg :{O where 0 < g < 3}

g —3whereg =3
Mg={

0 where 0 < g < 4]
g—4whereg24}

And ', M have fixed point where ¢ : [0, ) =
[0,00) Y(t) =t% @(t) =t as altering distance
function, then:

1) The maps 'and M are weakly increasing with
respect to < on a PMS G.
2) Tis (M,y,p)-contractive if it isamap M, 0 <
k <1 such that:
W(p(T(g), M(s)) <

Y(A@g,9)) —0(A(g,5)) + kp(B(g,5))
Where

} and

A(g,s)
p(g,s),p(s,Ms),p(g,I'g),
p(I'g,Ms) +p(g,T'g) —p(I'g,T'g)
= max 2 ’

| p(g,Ms) +p(s,I'g) |
2

B(g,s) = min[p(g,s),p(g,I'g)] for

comparable g,s € G.

Remark 3: In Corollary 1, it is not necessary to
have a continuity condition of the map, as shown in
the following

Corollary 2: The same assumption in Corollary
1, but without the continuity condition of the map,
and assume that g, € G whenever (g,)is a non-

all
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decreasing sequence such that g, - g imply g, <
g, ¥ n € N. ThenT and M have a fixed point g € G.

Proof: Steps of proof as in Theorem 3, and
takingy(t) =t and (t) =t —tk, for all 0 <t <
+00. So I'and M have a fixed point g € G.

Corollary 3: Let(G,p <) be a complete PMS
with ordering, I' = I: (I is identity map) as Definition
3 that satisfy (1), if there exists g, € G such that
Jo = I'g, for some 0 < k < 1, that satisfy

PY(p(T(9).T(s)) < P(A(g,s)) — (Alg,s))
+xp(B(g,s)),

where:
A(g,s)
p(g,5),p(s,T's),p(g,Tg),
p(lg,s) +p(g,I'g)—plg,Tg)
= max 2
p(g,I's) +p(s,I'g)

- 2 |

B(g,s) = min[p(g,s),p(g,Tg)] for all
comparable g, s € G. If T is continuous. Then I has a
common fixed point.

Corollary 4: Let(G,p <) be a complete PMS
with ordering. The map T'is a non-decreasing
continuous function. Assume that 3k € (0,1], such
that
p(T(@.r()

f A(t) dt

0

. (22)

p(9,5).p(s,Ts) ,p(g.T9),
i pIrg,s)+pg.rg)-prg.rg) )

ma. 2
I plg.rs)+p(srg) |
2
<k j A(t) dt
0
min [p(g,1'9).p(s.I's),p(s,Ig)]
+ A(t) dt,

0
for all comparable g, s € G, if 3 g, € G such that
Jo < I'go. ThenT has a fixed point g € G.
Corollary 5: Let(G,p <) be a complete PMS
with ordering. If the maps I',M are two weakly
increasing. Assume that 3k € (0,1], and £ = 0 such
that
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p(T(g).M(s))
oJ

ma.

A(t) dt

p(g.5).p(s,Ms),p(g.r'g),
x p(rg.Ms)+p(g,rg)—p(rg,rg)
5 ,

I plgMs)+p(s,rg) |
2

|

0
min [p(g.L'9).p(s.'s),p(s,Ms)]
+£ A(t) dt

<k A(t) dt

0
for all comparable g,s € G, if there exists g, € G
such that gq < T'gy. ThenT and M have a common
fixed point.

3.2 Coincidence Points

Definition 9: Let (G, p ) be a PMS. The maps f: G —
G,and I':G = CB(G). A point g € G is called a
coincidence point of f and I' if fg € I'g.

Below, there are new sorts of generalized results
in PMS about the existence of a coincidence point.

Definition 10: Let(G,p ) be a PMS. The maps
f,m:S — G be single-valued, and I', M: S — CB(G)
be multivalued maps such that S € (G,p) when a
sequence {g,} and {s,}in S. If

limrg, = limMg, =D € CB(G),

n—-oo n—-oo

and

lim fg, = limmg, = q €D,q € f(5) N m(S)

Then the pair (f,m) is called the strongest
straight w.r.t. the pair (I", M).

The following example satisfied Definition 10.

Example3:LetG =S = Rt andp: R* x RT -
R* bep(g,s) = max{g,s},if g #s which is a
PMS [1] such thatf,m:S SR ->R', and
I'M:S € Rt > CB(G) are defined by

ifgelon

Lif g €[1,0)(
1,if g €[0,1]
1

@.ifg € [1,)

[4,9 +4],if g €10,1)
[1,2],if g € [1,») ¢

[1.4—g]if g €[0,1]
MO =) Balif g€ 1)

flg) =
m(g) =

rig) =

lim g, = lim Mg, =[1,2] € CB(G), when{g,}
n—-oo n—-oo

and {s,} in S therefore



Proceedings of the International Conference on Applied Innovations in IT (ICAIIT), March 2026

nlirg fon = nlir;;t mg,=1€[1,2] and 1€ f(S)N
m(S). Thus (f,m) is the strongest straight w.r.t. the
pair (I', M).

Now, a result that combines the tools of single-
valued, multi-valued maps and the strongest straight
is presented, and thus the fixed point can be proven.

Note, in the next results, a function A: [0, 00) —
[0,0) is a summable nonnegative Lebesgue
integrable and fos A(t) dt > 0, fore > 0.

Theorem 4: Let(G,p) be aPMS, f,m:S — G and

I'M:S <G - CB(G).If
Hp(Tg.Ms)

f A(t) dt

0
p(fgms),
p(fg.rg).p(ms,Ms)
,w

max

Saf
0

for all g,s €S, 0 <o < 1. If the property of the
strongest straight for the pair(f, m) regarding the pair
(', M) holds. Then
3) Thereisu in S such that 'u = fu (coincidence
point).
4) There is v in S
(coincidence point).

A(t) dt), (23)

such that Mv = mv

Proof: Since (f, m) is the strongest straight with
respect to (I, M), then:
limrg, = lim Mg, =D € CB(G), whenever a
n—-oo

n—-oo

sequences {g,} and {s, } in S thus,
limfg, = limmg, =q€D andq € f(S) N
n—-oo

n—-oo
m(S)

If€ f(S),thenu € S, f(u) = q, also, since
q € m(S) then3dv € S, m(v) = q,

Hence f(u) = m(v) =

limfg, = limmg, =q€D = limlg, =
n—-oo n—-oo n—oo

lim Mg,

n—oo

q must belong to F(u), if not, then g = u,and s =
sy, putting in (23), getting

Hp(T'u,Msy)

f A)dt< o
0

Forall n = oo putting in (24), with Ms,, = D, ms,
q then
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Hp(ru,D)
f A(t) dt
0
p(fu.q),
max| PUWIW), p(q.D),
p(fuD)+p(q,r'u)
<o0 f 2 A(t) dt (25)
Hp(?“u,D)
j A(t) dt
p(a.),
max| P(@TW, p(aD),
p(a.D)+p(g.Iu) ]
<o f 2 A(t) dt (26)
0

< fop(q’ru) A(t) dt by Lemma 2, thus,

o fOHp (rD) A(t) dt. That is a contradiction.
Thus, q € D. So, q € F(u). Thenq = fu €
F(u). That is proof (i).

q must belong to M (v), if not, then g = g,,, and s =
v, putting in (23), getting

<

Hp(I'gn,Mv)
f A(t) dt
0
p(fgnmv),
maxl PTFInT gn).p(mv,Mv),
p(fgnMv)+p(mv.l gn)
=0 f 2 ADdt @27
0

For alln - oo putting in (27), withI'g,
D, and f g, = q then

Hpy(D,Mv)
j A(t) dt
0
plqmv),
max| P@D).p(mv,MV),
plgMv)+p(mv,D)
=0 f 2 At) dt (28)
0
getting
Hp(D,Mv)
f A(t) dt
0
p(a.q),
maz| P@D).p(qMV),
paMv)+p(q.D)
=0 Z A(t) dt (29)

0
J.Op(q,Mv) A(t) dt by Lemma 2, thus,

o fOH” (D'Mv)l(t) dt. That is a contradiction.
Thus, g € Mv. So, q € Mv. Thenq = mv € Mv.
That is proof (ii).

We need to recall Definition (11).

IA

o

IA
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Definition 11: Let(G,p ) be a PMS. The maps
f:S = G be single-valued, and I':S — CB(G) be
multivalued map such that S € G. Then

5) The pair (f,I') is called to be quasi-
coincidentally commuting if fg € I'g for g €
G with fg,I'g € S such that fl'g c I'fg.

The map f is called coincidentally idempotent
wrtliffgerlg forg € G with fg €S

such that ffg = fg.

In Theorem 4, using f = mand I’ = M yields the
following

Corollary 6: Let(G, p) be a PMS, f:S - G and
r-scaG - CB(G). If:

Hp(rgrrs)

f A(t) dt

0

6)

max {p(fg.fs).p(fg.rg).p(fsrs),
pUfars)+p(fsrg) }
<o f 2
0

A(t) dt,
forall g,s € S,0 < o < 1 such that (1) holds. There
is u in S such that I'u = fu (coincidence point). In
addition, when the pair (f, I") is quasi-coincidentally
commuting and coincidentally idempotent, then Ju €
S3Tu—fu=u.

Next, a special case of Theorem 4 by putting
A(t) =1:

Corollary 7: Let(G,p) be a PMS, f,m:S - G
and I',M:S € G - CB(G). If the property of the
strongest straight for the pair(f, m) regarding the pair
(', M) holds and

p(fg,ms),
p(fg,I'g), p(ms,Ms),
l,o(fg, Ms) + p(ms, Fg)J
2

H,(I'g,Ms) < omax

forallg,s €S,0 <o < 1. Then
7) Thereisu in S such that 'u = fu (coincidence
point).
8) There is v in S
(coincidence point).

such that Mv = mv

In addition, when the pair (f,I") is quasi-

coincidentally commuting and coincidentally
idempotent, then I', M, f, and m have a common fixed
point.

A case similar to Theorem 4 is presented in the
next version, and the proof will also be similar to its
proof.

Theorem 5: Let(G,p) be aPMS, f,m:S - G
and ',M:S S G - CB(G). If
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[N 30 de <

p(fg.ms),
max|PFGT9),p(Ms,Ms),
p(fg.Ms)+p(ms,rg)
l,b 2

A(t) dt (30)

0

for all g,s€S, andy:[0,0) — [0,)is non-
decreasing and Y (0) =0, Y(r) > r, for » > 0. Then
9) Thereisu in S such that 'u = fu (coincidence
point).
10) There is v in S
(coincidence point).

such that Mv = mv

Also, when the pair (f, ") is quasi-coincidentally
commuting and coincidentally idempotent, then I,
M, f, and m have a common fixed point.

In Theorem 5, if A(t) = 1, Vt, then the following
will be satisfied.

Corollary 8: Let(G,p) be a PMS, f,m:S > G
and I',M:S € G - CB(G). If the pair (f,m) is the
strongest straight with respect to the pair (I', M, ) and

p(fg,ms),
p(f9.Tg), p(ms, Ms),
lp(fg. Ms) + p(ms,Fg)J
2
for all g,s € S, and for non-decreasing : [0, 0) —
[0, o) where ¥(0) = 0, Y(r) > r, for r > 0. Then
11) There is u in S such that 'u = fu
(coincidence point).
12) There is v in S such that Mv = mv
(coincidence point).

Hp(rg, Ms) < P max

Moreover, the maps I, M,f, and m have a
common fixed point provided the pair (f, I')
and (M, m) are quasi-coincidentally commuting and
coincidentally idempotent.

4 APPLICATIONS

Finally, the authors encourage reading the results
in [30] and formulating a suitable study in the PMS
space. Chauhan et al. [30] have successfully extended
the Suzuki-type contraction framework to a more
generalized form, facilitating the identification of
common fixed points for three mappings in metric
spaces. Upon Suzuki-type contraction, the results
obtained could be applied to solve specific classes of
functional equations in dynamic programming. In the
future, the authors look forward to applying current
results to dynamic programming problems. This
application may be inspired by the work of Chauhan
etal. [30], also in fractals, as in [31]. It is also possible
to delve into the role of the iterative method in data
mining, where iterative theory provides the
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mathematical foundation that ensures algorithms
such as PageRank, k-means clustering, and gradient
descent converge to meaningful solutions (often fixed
points of a data-defined transformation).

S CONCLUSIONS

The PMS offers a versatile and powerful environment
for investigating spaces with self-referencing
distances, making them useful in theoretical computer
science. This versatility allows researchers to explore
complex phenomena such as recursion, continuity,
and convergence in various computational contexts.
The current results are divided into two folds, the first
Theorem 2 of which includes the derivation of
common fixed points for I', M, as in Definition 8, that
satisfy (1), if I', M are weakly increasing maps and I
or M is continuous. Theorem 2 gives a similar result
but with an alternative condition for continuity. Also,
three corollaries and an illustrative example are
presented. The second axis is presented in Theorem
2, which includes results about coincidence points,
jointly, for a pair of single-valued maps and a pair of
multi-valued maps. This is done by employing the
concept of the strongest straight in Definition 9.
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