Proceedings of the International Conference on Applied Innovations in IT (ICAIIT), March 2026

Multivariate Partial Linear Modeling for Groundwater

Quality Anaiysis

Huda Yahay Ahmed and Emad Hazim Aboudi

Department of Statistics, College of Administration and Economics, University of Baghdad, 10006 Baghdad, Iraq

Keywords:

Abstract:

{huda.yahia2201p, emadhazim } @coadec.uobaghdad.edu.iq

Profile Least Squares, Profile Likelihood, Multivariate Partial Linear, Kernel Smoother.

This research aims to estimate the multivariate partial linear model using two methods: Profile Least Squares
and Profile Likelihood, with the goal of identifying the factors affecting the decline in groundwater quality in
two geographical locations within Baghdad city (Abu Ghraib and Mahmudiya). The main problem lies in the
presence of several response variables that are correlated with each other within the same model, which
complicates the process of accurate estimation of the parameters. Additionally, there are correlations between
the response variables and the explanatory variables, further challenging the estimation process. The model
includes both linear and nonlinear variables, adding to the complexity of the analysis. Total dissolved solids
and ion ratios were used as response variables, while the independent variables included sodium, chloride,
and sulfate. The geographical location was incorporated as a nonparametric component in the analysis. The
two methods were compared based on the Mean Squared Error (MSE) criterion to determine the preferred
method for model estimation. Real data were used to verify the effectiveness of the methods in practical
applications, and the results indicated the superiority of the Profile Least Squares method in providing more
accurate and reliable estimates of the model.

1 INTRODUCTION

The study of several variables simultaneously is the
focus of the field of multivariate analysis. In order to
find patterns and trends that might not be apparent
when examining each variable separately, it is used to
investigate relationships among a group of variables.
This kind of analysis is so widely used in many fields,
including economics, marketing, healthcare, and the
social sciences, and it is a potent tool in applied
statistics. In order to make data-driven decisions and
provide more accurate and trustworthy results, it
offers a strong foundation for comprehending
intricate interactions between independent and
structured variables.

The majority of contemporary economic models
are built using multivariate Partial linear regression
models, which incorporate elements of both
nonparametric and parametric multiple linear
regressions. In order to characterize basic phenomena
having direct effects, the parametric (linear)
component represents a regression function that is
considered to be linear in the explanatory variables.
The nonparametric (nonlinear) component, on the
other hand, is an unknown smoothing function that
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captures latent nonlinear interactions in the data (W.
Hérdle and M. Miiller 1997) [1].

With a focus on the integration of linear and
nonlinear components in the analysis of intricate
interactions between explanatory and response
variables, Hérdle and Miiller investigated semi-
parametric model analysis employing kernel
techniques for density estimation and multivariate
regression. For multivariate data analysis,( Lawrence
D. Brown et al. 2016) [2] also used kernel density
estimation techniques.

Using a difference sequence approach, (Michael
Levine 2019) [3] estimated partially linear regression
models. In this approach, the nonlinear component is
approximated using the Nadaraya—Watson estimator
to capture the unknown function, while the linear
component is estimated based on differences.

The idea put up by (Jun Zhang et al. 2021) [4] was
to estimate the unknown function in Partial linear
regression models by splitting a multidimensional
grid into sub cells and computing the median inside
each cell. Furthermore, because wavelet approaches
are accurate and can handle complex, nonlinear
interactions in multivariate data, they have been used
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as a strong and effective tool for estimating unknown
functions.

(Meng and Huang 2024) [5] conducted more
current research on variable selection in semi-
functional partly linear regression models for time
series data; however, they only examined temporal
variables and did not take environmental multivariate
applications (MDPI) into account. (Wu and Tong
2024) [6] focused on inferential mechanisms instead
of environmental applications while analyzing a deep
Partial linear Cox model for survival data (OUP

Academic).
In light of the dearth of applied research
comparing estimation techniques like profile

likelihood and profile least squares, as well as the
limited number of applied studies on multivariate
partially linear regression models using actual
environmental data for evaluating groundwater
quality in Iraq, we applied this modeling framework
to data from 36 wells in Baghdad. This offers an
uncommon real-world case and uses the mean
squared error (MSE) criterion for performance
comparison, which hasn't been often discussed in
environmental applications at the local level.

Thus, by providing a useful implementation of a
multivariate response model, this study helps close
the knowledge gap by addressing both linear and
nonlinear influences on groundwater quality. In the
domains of environmental science and water
resources, this method enhances statistical literature
and fortifies the link between research and
environmental practice.

2 MULTIVARIATE PARTIAL
LINEAR MODEL

The multivariate partial linear model is a regression
model that has both parametric and nonparametric
effects. It represents a multivariate response variable
as a linear function of some explanatory variables
while allowing other variables to be nonlinearly
related to the response variable. Many researchers
and practitioners find this model a significant
multivariate semi parametric regression model, and it
is also a special case of additive models.

The extension of ordinary regression techniques is
a benefit of this model over nonparametric models as
it solves the curse of dimensionality. This means
MPLM is a better and stronger way to model complex
data that involves more than one variable[7].

Even though multivariate partially linear
regression is used, it gives rise to challenges like
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intense computation in estimation and problem in
understanding results. It happens particularly when
nonlinear relationships among many variables are
present. Nevertheless, it has become more usable due
to the development of computation. Because of this;
multivariate partial linear regression has emerged as
a crucial model for statistical analysis in weird and
high-dimensional settings. It is applies to economics,
finance, medicine, biomedical research, environment,
climate studies, and many others [8].

The multivariate partial linear regression model is
written according to the following equation [2]:

Yo = XIB+g(T) + e, k=12,..,q, (1)

q represents the number of response variables, X] B
Represents the parametric part of the model,X: A non-
random matrix representing the observations of the
parametric explanatory variables of degree (n X p)
and p represents the number of the parametric
explanatory variables, B Matrix of model parameters
of the degree (px q) , (T;) Represents the
nonparametric part of the model, which is an
unknown smoothing function of degree(n X q), €,
Matrix of random errors of degree (n X q),The
random error is distributed with zero mean and
variance X [8].

3 ESTIMATION METHODS

3.1 Profile Least Square Method

This methodology aims to improve the accuracy of
predicting  dependent  variables, offering a
computationally efficient and effective approach. It is
particularly advantageous for analyzing high-
dimensional datasets, as it facilitates dimensionality
reduction and enhances the understanding of the
interrelationships between variables. Developed by
Swedish statistician Herman Wold in the 1970s, this
method extends classical statistical techniques, such
as multiple linear regression, with a specific emphasis
on addressing issues related to Multivariate
correlation among the independent
variable, [9], [10]. In 2017, Yaowu Zhang & Liping
Zhu estimated the multivariate partial linear model
using the Profile Least Square Method. This method
can be applied to the model by following the
following steps [10] :

Suppose that (X;, T,Y) ,i=1,...,n a
random sample according to (1) in respect of (X, T,
Y). We introduce profile least-squares approaches to
estimating  and g(T) in model (1).
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First, we assume that the coefficients By (the
coefficients associated with the independent
variables) are known in advance, which simplifies the
estimation process, as we focus only on estimating the
part gy (T;), We use kernel estimation to estimate
g1 (T;), where a kernel function (such as a Gaussian
kernel) is used to estimate the values of g (T;) based
on the values of T;. Reformulate the model to take the
following form:

Yic — X{Bk = gk(T) + €ix,
i=12,..,n,k=12,..,q.

Let Kh(-) = K(-/h)/h where K(-) is a kernel
function and h is a bandwidth. To ease Subsequent
actions, we denote by & the Kronecker product, 14 a
q X 1 vector with all entries being one and I; an
q X q identity matrix. Let X = (X;,...,Xp)T ®
15,Y = (YL,...,YT)T . Through pretending By
were known, the weighted kernel estimator of g, (T;)
at an arbitrary grid point t is then defined by [10].

ACEALY .
= > KT = 015 U = X / 13014 ) K (T = .
i=1 i=1

Where U is a symmetric and positive-definite weight
matrix. The kernel estimator of g(t) as g(t; B,U)
this estimator depends upon 3 and U. To Estimate g,
it thus remains to specify a weight matrix U and
estimate f.

Let K(t) = dlag(Kh(Tl - t), ey Kh(Tn - t) ®
U, K(t)of degree (n q X nq)

An equivalent matrix form of m (t; f3,U) is:

gtBU) = {1EqK(t)1nq}_1{1EqK(t)(Y - XB)} (2)
We further write

(17K (T 1ng} 17K(Ty)
S = :
{17 K(To) g} 1TGK(T,)

Substituting g (t; B,U), for t = Ty,..
model (1), we obtain

(Inq —-SY = (Inq —S)XB +e.
Where € = (€11,..-,€1q,--+1En1se--1Enq)’ .TO

estimates [3, we consider minimizing the following
weighted least-squares loss function:

RSS(B) = {Y — XB}" (Ing — S) ' W(Inq — S){Y — XB, (3)

Where W is a symmetric, positive -definite weight
matrix. We will show the effect of W on the resulting
estimator of B in our subsequent context. By

., T, , into
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minimizing (3), the resulting estimator of P is as
follows:

BW) = {X"(Ing = $) W(lng — s)x}T {X"(1nq
—5) ' W(lng — S)Y}

In other words, B(W) is a function of W. To
estimate {3, define the weight matrix W. The weight
matrices W and U are defined in accordance with the
regression model or any other mathematical
application, where symmetric and positive-definite
weight matrices are used, W is defined as the
Kronecker Product between the identity matrix I,,and
the positive-definite matrix V. This means:

w=I, ®V

4)

Whereas:

= [, Is the identity matrix of size n X n, which is
a matrix that contains 1’s on the main diagonal
(from top left to bottom right) and 0’s in the
other positions.
V Is a symmetric and positive-definite matrix
of size q X q. "Positive-definite" means that
the eigenvalues of the matrix V are all greater
than zero.
® A mathematical operation that produces a
new matrix by multiplying each element of the
first matrix by the second matrix. In this
context, [, is the identity matrix of size n X n
and V is a matrix of size q X q, thus the
Kronecker product I, ® V will result in a
matrix of size ( nq X nq).

We assume the observations{(X;, T, Y;),i =
1,...,n} are independent. It is clear that W will be
symmetric and positive-definite as long as V is so.
Now, it remains to choose the working weight
matrices V and U which should be selected based on
the context and available data. We propose two
alternatives; our first option is to choose W = I, ®
Iq(V =13) to produce an Initial estimator

[§(In ® Iq).we also set U =14 to
obtain g{t; B (I, ® Ig), 1}. Our second Option is
to choose W =1, ® 27! (V=321YandU=
¥~ 1 where X = E(eeT)stands for the covariance
matrix of € = (81, e sq)T.In practice X is typically
unknown. In this case, we must estimate X from the
observations. Towards this goal, we define §;
(Bi,-..,8ig)T, wheregy, =Yy — X[B (I, ®
Iq) — 8(T;; B(In b2y Iq)'lq}a for
1,...,n ,k = 1,...,q.The moment estimator of X is
then given by:

i =
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n

2

i=1

i = € &

&)

To implement the second option, we replace the
weight matrix with W = I, ® £~ to obtain the final

estimators B (I, ® £ 1,and  8{t; B (I, ®
H, 571
3.2 Profile Likelihood Method

One important statistical method for estimating the
parameters of multivariate partial linear models is
used to simplify the estimation process by reducing
the number of parameters that need to be estimated,
making it easier to handle complex models. The use
of likelihood is not effective in high-dimensional
cases and fails particularly in semi-parametric
models. Therefore, alternative methods, such as
profile likelihood, are used. The concept of this
method revolves around finding the parameter
estimator value that maximizes the likelihood
function by keeping the values of the other
parameters in the model fixed. In other words, the
estimator that maximizes the likelihood function is
found while keeping the other parameters constant.
This method aids in estimating complex multi-
parameter models, the first to propose the use of
profile likelihood was R.A. Fisher in 1922 in his
paper titled "On the Mathematical Foundations of
Theoretical Statistics." Fisher was the first to
formulate this concept as a method for estimating
parameters in statistical models. This concept was
further developed and generalized in
Fisher's subsequent works and other statistical
methodologies [11]. Fisher introduced this method as
a means of estimating a single parameter in a
probabilistic model when other parameters are
unknown. It has been widely used in both theoretical
and applied statistical inference, with common
applications including multiple regression modeling,
survival analysis, proportional hazards models, and
other advanced statistical models. It remains a
powerful tool for extracting estimators and drawing
statistical inferences in these contexts, reformulates
the model to take the following form [7]:

Yie = X{ B = 91 (T + €
i=12,..,n, k=12,..,q

to derive the estimators of the parameters f and X in
model (1), we will rely on the profile likelihood
approach [12], this implies that Y ~ N,q (XB +
g(T),2 ® I,). by definition [13], we have that the
likelihood function is given by:-
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L(B,eM) = [ [fvxem),  ©
i=1
Ln(L(B,g(1) = ) Ln(E(YIX, g(D). (7)

We prove the function g(T) when estimating B.
Lp(B) = max L(B, g(T)).

Maximizing Lp(B) to estimate B.
LetY=XB+F+U.
= X Parametric variables matrix (nxp);
* B matrix of unknown parameters (pxq);
= Funknow function (nxq).

Fk = (fk(tl)' fk(tn)),k =1,.., q.

U matrix of errors (n X q), To find the
estimates of B, 2 in the model, we will use the profile
likelihood approach, based on the assumption that the
error is independent and normally distributed.

U ~Npyg (0,2 ®I,).Y~ Nyg (XB + FZ ® 1).

By Definition, we have that the likelihood
function is given by [13].

L=@m% |5 Fetr{-127 (Y= XB — F)'(Y = XB - F)}(8)

For a given B, F is estimated by a linear fit and the
estimator:

F = S(Y — XB), where S (Kernel Smoothing).
Substituting this into (8) and denoting by X =
I, —9XY=(0U, —-9SY

The log-profile likelihood function is given by:

L="Tin@m + Zin 2 —%tr{Z‘l(V —XB)'(7 - XB)}(9)

The profile likelihood estimators of B, F and X are
given by:

s =

Differentiating (9) with respect to B and ™%, we
obtain the following system of:

In(B,F,%; Y S o
%=Z—1X'(y —XB) =0

dIn(B,F,%;Y) n
ozt T2
- ((7 - %B) (7 - XB)
— diag(¥ - XB)'(V - )?B)) =0
By solving the above system of equations, we
obtain the estimate B, X.

(2% — 2diag %)
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4 PRACTICAL APPLICATION

In this section, we conduct an applied study on the
key factors and variables affecting well water quality
through the application of semi-parametric estimation
methods to determine whether the water is suitable
for human consumption, agriculture, or industrial use.
The study is based on a sample of 36 wells from two
geographical locations within the city of Baghdad.
The data were collected from the Planning
Department of the General Authority for
Groundwater, Ministry of Water Resources, Iraq. We
will deal with the calculation of the parametric
component and the nonparametric component of the
model, where the parametric component includes the
non-zero significant parameters of the parameter
vector P, with dimensions (p X q), and the
nonparametric component includes the
nonparametric function.

The proposed model for analyzing well water
quality is based on the most important factors or
variables that will be used as follows:

Vi1 = BiXi1 + B2 Xiz + B3Xiz + g1 (Ty) + i1, (10)
Yiz = BaXis + BsXiz + BeXiz + 92(Ty) + &5 . (11)

The variables that used in (10), (11) refers to the
following:

= Yj;: EC refers to the Electrical Conductivity;

= Y;,: TDS refers to the Total Dissolved Solids;

=  X1: Na it refers to sodium, X2: CL It refers to
chloride;

= X3:S50, refers to sulfate. Through the real data
and the adoption of the above model, the
estimates for the estimation methods were
obtained, as shown below:

Table 1: Estimated parameter (B) values using the profile
least squares method and the profile likelihood method.

Dependent Independent Variables
Methods Variables Na Cl SO4
TDS 2.87618 | 0.04709 | 0.54053
WPLS EC 3.70270 | 2.55153 | -3.39325
PLik TDS 3.49767 | 0.26902 | 1.22274
EC 4.05523 | 4.28007 | -6.10574

Table 2: Mean Square Error (MSE).

Methods MSE
WPLS 0.72997
PLik 1.10292

The results presented in Table 2 indicate that the
Profile Least Squares Method achieves the lowest
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Mean Squared Error (MSE), making it the most
optimal method for water quality analysis. Figures 1
- 4 display a curve comparing the real values with the
estimated values of the response variables using both
the Profile Least Squares Method and the Profile
Likelihood Method.

i | — Actual

WPLS-Ker

L

T
21 24 27 30 33 36

Figure 1: Real and Estimated Curves of the response
variable (EC) obtained using the profile least squares
method.
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Figure 2: Real and Estimated Curves of the response
variable (TDS) obtained using the profile least squares

method.
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Figure 3: Real and Estimated Curves of the response
variable (EC) obtained using the profile likelihood method.
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Figure 4: Real and Estimated Curves of the response
variable (TDS) obtained using the profile likelihood
method.
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S DISCUSSION

The findings made on the data of 36 wells in two
geographical regions in the city of Baghdad indicated
that the multivariate partial linear models were a good
way of reflecting the relationships between the factors
that influenced the quality of groundwater. The
Profile Least Squares Method and the Profile
Likelihood Method were adopted to estimate which
one was more successful in the analysis of water
quality. Table (2) shows that the Profile Least Squares
Method is more superior since it produced the lowest
Mean Squared Error (MSE = 0.72997) than the
Profile Likelihood Method (MSE = 1.10292). This
denotes the increased accuracy of the former method
assessing the statistical model and water quality
analysis. The actual values and the estimated values
obtained with the help of Profile Least Squares
Method are close to each other, which can be
observed in the curves in Figures 1 - 4. This shows
the precision of the estimation as well as the capacity
of the model to depict the actual behavior of the
response variables that are total dissolved solids
(TDS) and Electrical Conductivity (EC).The
proposed estimated coefficients in Table 1 show a
positive relationship between the concentrations of
sodium ions (Na), total dissolved solids (TDS), and
Electrical Conductivity (EC). This means that as the
concentration of these ions increases the quality of
water becomes poor. It was also found that chloride
(Cl) and sulfate (SO4) ions are also involved in the
interpretation of changes in water quality to a certain
degree since they are the most significant indicators
of ionic pollution in groundwater. Considering the
accurateness and efficiency of the Profile Least
Squares Method in determining groundwater quality
in Baghdad, it is also applicable to determine the
water quality in other areas with similar geological
and environmental features.

6 CONCLUSIONS

The results of this study showed that the performance
of the Profile Least Squares (PLS) method was
clearly better than the Profile Likelihood (PL) method
in the estimation of the multivariate partially linear
model since it showed a lower Mean Squared Error
(MSE) wvalues. This validates the power and
suitability of the PLS method to analyze groundwater
quality data because of its superior capacity in
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representing linear and non-linear relationships with
higher accuracy. The results also demonstrated
considerable environmental associations where
increases in sodium, nitrate and calcium
concentrations were associated with an increase in
dissolved solids and ions, which reflects the direct
effect of these variables on the declining quality of
water. With regard to future research, efforts should
be made to develop more advanced and efficient
estimation techniques for semi-parametric models,
especially for different environmental conditions.
Expansion of the application of these models to other
areas (within Iraq) or to other nations with similar
environmental conditions would improve the
generalizability of these models and validate their use
in other contexts. Integrating traditional statistical
models with machine learning approaches is also a
promising direction to improve the accuracy of the
prediction and the flexibility in the analysis. On the
practical level, the results emphasize the opportunity
to enhance water resource management in Baghdad
using strategies to mitigate the sources of
contamination. The proposed models can provide a
good analytical tool for the periodic evaluation and
continuous monitoring of water quality in many
areas. Moreover, developing long-term monitoring
initiatives and using sophisticated analytical systems
would enhance the capacity to predict and make
decisions. Increased collaboration between academic
institutions and environmental authorities would
further contribute to practical implementation as well
as continued development of these models to achieve
sustainable water resource management.
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