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This study proposes a joint modelling framework for evaluating treatment efficacy in AIDS by integrating
longitudinal and survival data. The approach addresses a key limitation in biomedical analysis by
incorporating left-censored covariates into a unified likelihood function, ensuring more accurate and unbiased
parameter estimation. A linear mixed-effects model is used to describe longitudinal biomarker dynamics,
while a Weibull frailty model captures time-to-event outcomes and unobserved heterogeneity. The
performance of the proposed model is assessed through Monte Carlo simulations under varying sample sizes
and hazard conditions. Results indicate improved estimation accuracy, reduced bias, and greater robustness
compared to conventional methods, particularly in the presence of censored or incomplete data. In addition,
the framework effectively captures the association between longitudinal processes and survival outcomes,
offering deeper insight into disease progression. Overall, the proposed method provides a reliable and flexible
tool for clinical data analysis. It supports more informed decision-making in treatment evaluation and has

potential applications in AIDS research and other chronic disease studies.

1 INTRODUCTION

Survival analysis is a cornerstone of statistical
methods, designed to study the time until one or more
events of interest, such as death, disease progression,
or treatment failure. In the context of AIDS
management, survival analysis plays a pivotal role in
understanding the time to critical clinical events and
assessing the efficacy of various treatment
strategies [3]. Accurate modeling of time-to-event
data informs clinical decision-making and helps
optimize treatment regimens, ultimately improving
patient outcomes. However, the complexity of real-
world biomedical data presents unique challenges,
such as left-censored covariates, competing risks, and
missing data, which traditional survival analysis
methods are not fully equipped to handle [1], [2],
[10].

One of the most widely used tools in survival
analysis is the Kaplan-Meier estimator, which
provides a non-parametric estimate of the survival
function. It is particularly useful for describing the
survival experience of patient groups and comparing
survival outcomes across different treatments.
However, while the Kaplan-Meier estimator and its
associated log-rank test offer valuable descriptive

insights, they fail to account for covariate effects and
potential confounding variables [7], [8], [14]. The
Cox Proportional Hazards model addresses some of
these limitations by incorporating covariates and
assessing their influence on the hazard of an event.
Despite its widespread application, the Cox model
relies on the proportional hazard assumption, which
may not hold in complex clinical settings where
covariate effects are time-dependent.

The limitations of these traditional methods
highlight the need for more advanced models that can
address the intricate challenges of survival data in
AIDS research. For example, the presence of left-
censored covariates - often encountered in biomarker
studies can lead to biased parameter estimates if not
properly accounted for. Similarly, competing risks,
where patients may experience multiple potential
outcomes, necessitate specialized models to
disentangle the risks associated with specific events,
such as HIV-related mortality versus non-HIV-
related mortality [6], [7], [9]. Frailty models, which
introduce random effects to account for unobserved
heterogeneity, provide a powerful framework for
handling population-level variability in survival
experiences. Addition- ally, cure models offer
valuable insights for identifying subpopulations of
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patients who achieve sustained viral suppression with
effective antiretroviral therapy [5].

Maximum Likelihood Estimation (MLE) is a
statistical method used to estimate the parameters of
a probability distribution by maximizing the
likelihood function. Given a set of observed data,
MLE finds the parameter values that make the
observed data most probable under the assumed
statistical model [27]. Mathematically, it involves
constructing the likelihood function based on the
probability distribution of the data and then finding
the parameter values that maximize this function. In
practice, this often requires taking the logarithm of
the likelihood function (log-likelihood) for
simplification and solving for the parameters using
differentiation or numerical optimization techniques.
MLE is widely used in statistical inference due to its
desirable properties, such as consistency, efficiency,
and asymptotic normality [4], [28].

1.1 Literatures

The [29] proposes a joint modeling approach for
longitudinal and survival data when detection
thresholds limit a covariate. It uses a latent process
with random effects to address missing values,
ensuring unbiased parameter estimates. The method
combines linear mixed-effects and Weibull frailty
models, with Monte Carlo simulations confirming its
accuracy. A clinical application on pneumonia
patients validates the approach. [30] extends
parametric estimation of the cumulative incidence
function (CIF) to interval- censored competing risks
data using maximum likelihood methods. A simpler
naive estimator is also proposed, performing well in
some cases. The methods are applied to HIV
prevention trial data. [31] develops parametric
methods for estimating the CIF in interval-censored
competing risks data. It extends existing models using
maximum likelihood estimation and introduces a
simpler naive estimator. The approach is vali- dated
through simulations and applied to HIV prevention
trial data. [32] reviews Cox regression in total joint
arthroplasty (TJA) research, finding that only 20% of
studies fully addressed the proportional hazards (PH)
assumption. Many studies used Kaplan- Meier
analysis, but PH violations were often overlooked.
The findings highlight gaps in PH testing and
reporting. [35] develops a prognostic model using
MRI and clinical features to predict survival in
glioblastoma multiforme (GBM) patients. The model,
combining a convolutional denoising autoencoder
(DAE) with Cox regression, achieved high accuracy,
effectively distinguishing high- and low-risk patients.

1.2 Motivation

Effective modeling of longitudinal and survival data
is essential for understanding com- plex disease
dynamics, particularly in chronic conditions such as
HIV/AIDS. Traditional models often fall short in
addressing key challenges like left-censored
covariates, where biomarkers fall below the limit of
detection (LOD). These limitations lead to biased
parameter estimation, reduced predictive accuracy,
and compromised inference. This research is
motivated by the pressing need to overcome these
challenges, particularly in clinical studies where
accurate modeling of the interplay between
longitudinal biomarkers and survival outcomes can
directly impact treatment strategies. By lever- aging
data from the GenIMS study, this work aims to
propose a robust and flexible framework capable of
accounting for left-censoring, improving parameter
estimation, and enhancing clinical decision-making
through precise survival predictions.

The motivation for this study also stems from the
inherent limitations of existing methodologies.
Conventional survival models, such as the Cox
proportional hazards model, often fail to capture the
dynamic and non-linear relationships between
longitudinal biomarkers and survival outcomes,
particularly in the presence of time-varying effects
and competing risks. Additionally, the lack of robust
mechanisms to handle left-censored data creates gaps
in existing methods that need to be addressed. By
introducing a novel joint likelihood function and
incorporating advanced models like the Weibull
frailty model and competing risks framework, this
study seeks to bridge these methodological gaps.
Ultimately, the goal is to offer a more comprehensive
toolkit for researchers and clinicians to improve
predictive accuracy and better understand disease
progression, contributing to more effective patient
management and evidence- based clinical decisions.

1.3. Innovation

This study introduces a cutting-edge joint modeling
framework that integrates longitudinal and survival
data, addressing critical challenges associated with
left-censored covariates frequently encountered in
biomedical research. By developing a novel joint
likelihood function that explicitly accounts for the
effect of left-censoring, this frame- work ensures
unbiased parameter estimation, a significant
improvement over existing methods. The innovation
extends to incorporating a Weibull frailty model for
survival outcomes in conjunction with a linear mixed-
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effects model for longitudinal data, thereby providing
a robust and comprehensive tool for evaluating
dynamic  relationships  between longitudinal
biomarkers and survival outcomes. Through
extensive Monte Carlo simulations, the methodology
demonstrates superior efficiency and unbiasedness
under diverse scenarios, offering enhanced
performance in managing missing data and modeling
complex associations.

Furthermore, this study bridges the gap between
theory and practice by applying the proposed
framework to real-world clinical data, such as the
GenIMS study. The application highlights the utility
of the methodology in predicting survival outcomes
and assessing treatment efficacy in clinical settings.
By advancing the methodological foundation of
survival analysis, this study introduces a robust and
versatile approach that not only improves statistical
precision but also empowers clinicians and
researchers with better tools for decision-making.
The availability of open-source tools ensures broader
adoption, facilitating the advancement of precision
medicine and evidence- based treatment strategies in
various biomedical domains.

1.4 Contribution

This research makes several significant theoretical
contributions to the field of statis- tical modeling for
biomedical applications. It introduces a novel joint
modeling frame- work for handling left-censored
covariates by developing an innovative likelihood
formulation. This formulation incorporates the joint
density of survival and longitudinal data, along with
random effects, enabling unbiased parameter
estimation even in the presence of censoring.
Additionally, a semiparametric cumulative incidence
regression model is proposed for analyzing
competing risks with interval censoring. This model
leverages a transformation function to capture the
baseline cumulative incidence function and a
covariate effect, expanding the applicability of
survival analysis to more complex clinical scenarios.

On the practical side, the study demonstrates the
robustness and efficiency of the proposed methods
through comprehensive simulation studies under
various scenarios. It further highlights the
applicability of the methodology in HIV/AIDS
management, emphasizing the role of predictive
biomarkers and accurate survival modeling in im-
proving clinical decision-making. Moreover, the
development of open-source tools for implementing
these advanced models ensures accessibility for

researchers and practitioners, promoting wider
adoption and further advancements in the field.

1.5 Organization

Section 2 introduces models for longitudinal and
survival outcomes, incorporating frailty, proportional
hazard, and proportional reversed hazard
frameworks. Section 3 explores numerical case
studies to illustrate these models, while Section 4
presents application-based case studies,
demonstrating their practical relevance.

2 MODELS FOR
LONGITUDINAL AND
SURVIVAL OUTCOMES

In this section, we develop a class of flexible models
to analyze longitudinal and survival outcomes in the
presence of a left-censored covariate, aiming to
explore the association between the two outcome
processes. Specifically, we examine the likelihood
functions for Frailty Models, the proportional hazards
model and the proportional reversed hazards model.

2.1 Frailty Models

Frailty models are an extension of survival models
that incorporate unobserved heterogeneity or random
effects into the analysis of time-to-event data. The
concept of frailty reflects a latent multiplicative effect
on the hazard function, accounting for unmeasured
covariates or shared risk factors among individuals or
within groups. These models are particularly
effective for analyzing clustered or familial survival
data, where individuals within the same group are
expected to share similar unobserved characteristics
influencing their risk [26].

In a frailty model, the hazard function for an
individual i in group j is expressed as:

hij(®) = z; - ho(t) exp(xiTjﬁ),

where h,(t) represents the baseline hazard function,
x;j denotes the vector of observed covariates for
individual i1 in group j, and S is the vector of
regression coefficients. The term z;, known as the
frailty, represents the unobserved random effect
associated with group j and introduces dependence
among individuals within the same group.

When covariates are left-censored, their true
values are only known to be greater than a certain
threshold. In such cases, a likelihood approach
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incorporating the probability of the observed left-
censored covariates is required. If x;; contains left-
censored covariates, say x(c), then we integrate over
their possible values:

1.0 =[ [ ] Jmotc1anos,ciz) rep
j=1"0 =1

f © f(xi]-)dxij de,
X:;

ij

where f (x;;) is the probability density function of
the left-censored covariate.

The frailty term z; is usually modeled as a positive
random variable to ensure non- negative hazards. It is
commonly assumed to follow a specific distribution,
with the gamma distribution being the most widely
used due to its simplicity and analytical tractability:

zj ~ Gamma(6,0),

where 8 > 0 represents the variance parameter,
capturing the degree of heterogeneity. Other
distributions, such as the log-normal or inverse
Gaussian, can also be used to model the frailty
depending on the nature of the data.

The Weibull frailty model incorporating a left-
censored covariate accounts for un- observed
heterogeneity in survival times while handling
censored covariate values. Let T; be the survival time
for individual i, and let Xi be a covariate that is
subject to left censoring at some detection limit L,
meaning we observe:

. (X Xi>1L
Xi = {L, X, <L’
Assuming a Weibull baseline hazard function, the
hazard function with frailty Z; and covariate X; is
given by:
h;(t1Z;, X)) = Z;AytY ~tePXi,
The corresponding survival function is:

Si(t|Zi,Xi) = exp(—Zi A tVeﬁXi)_

Assuming Z; ~ Gamma(6, 8), the marginal survival
function is obtained by inte- grating out the frailty
term:

At¥el Xi)_e

S(t|X;) = (1 + 7

For independent survival times Ty,...,T,, with
censoring indicators 6; (1 if observed, 0 if censored),
the likelihood function is:

n
« - 16i . Y—1,BX;
L(l.y,ﬁ,9)=f H[ZM)/TL-V Tepxi| ™ g2yt e g (7)dZ;.
0 =1

Values is:
P(X; =L) =PX; <L) =Fx(L),

where Fx(x) is the cumulative distribution function
ofX;. The full likelihood accounts for both observed
and censored covariate values:

L=[ e ][ ;Li(X) fe(X) dX,

i€0 iec
where O denotes the set of individuals with observed
covariates and C denotes those with censored
covariates.

Frailty models can be classified into shared and
individual frailty models. In shared frailty models, all
individuals within a group share the same frailty term
zj, making them suitable for clustered data such as
families or hospital groups. In individual frailty
models, each individual has their own frailty term z;,
which accounts for unobserved heterogeneity at the
individual level.

The survival function for an individual with
frailty z; is given by:

Sij(tlz) =exp ( _Zf_[ ho(u) exp(x;B) du )
0

To obtain the marginal survival function, the frailty
term is integrated out

50 = | Sy(c12) £z da
0
The likelihood function for n individuals or clusters

is derived by integrating over the frailty terms and
accounting for left-censored covariates:

w0 =[ | [ Jmseimrvsyeis e
j=1 i=1

[ee]

o FG) dx (i) dzj.
X:.

ij
The ML estimation for the frailty model accounts for
unobserved  heterogeneity and  left-censored
covariates. The likelihood function for n individuals,
grouped into G groups, is given by:

G © ng
1o = | fo [ rrote exp( 1%,
i=1 j=1

exp(ziAO(tU)exp(xiTjB)) 9(z;;0)dz;. (7)
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For example, with a Gamma frailty distribution, the
likelihood simplifies to:
G

wgo = |
i=1

i=

96
(6 + A~ @70

r(D; +6)
re)

where:

n; ni
D; = Z 8ij, A = ZAO(tij) exp(x ;)
j=1 j=1

The ML estimators " and 6" are obtained by
maximizing the log-likelihood numerically. This
provides estimates for the covariate effects and the
degree of unobserved heterogeneity.

Frailty models are particularly valuable in
applications involving clustered survival data,
familial studigs, or recurrent event data. By

: Y
accounting for unobserved factors and left-censored
covariates, these models provide a more accurate
representation of the underlying risk structure,
enhancing the reliability and interpretability of
survival analysis.

2.2 Proportional Hazard Model

The Proportional Hazard (PH) model, introduced
by [33], is a widely used semiparametric model for
analyzing time-to-event data. The model assumes that
the effect of covariates on the hazard function is
multiplicative and remains constant over time. It is
particularly effective for evaluating the relationship
between covariates and survival times, even in the
presence of left-censored covariates.

In the PH model, the hazard function for an
individual i is expressed as:

hi(£) = ho(t) exp (x| B),

where x; = (X1, Xi,...,Xip)T is the vector of
covariates for the i-th individual and S =
(B1,B2s---,Bp)T is the vector of regression
coefficients associated with the covariates. When
some covariates are left-censored, their distribution
needs to be explicitly modeled, typically assuming a
parametric form and incorporating an appropriate
likelihood function adjustment [34].

The key feature of the PH model is that the hazard
ratio for two individuals i andj depends only on their
covariates and is independent of time. Specifically:

hi (€) T
m = exp ((xi - x]-) ,8).
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The survival function for the i-th individual is given
by:
$i(t) = [So(B)]*P 0T A),

where S, (t) is the baseline survival function, related
to the baseline hazard functionh,(t) by:

So(t) = exp <— ftho(u)du )
0

The likelihood function for n individuals in the
presence of right-censoring and left-censored
covariates can be expressed as:

=1/ [
i=1 "X X

P
wherex{“jrepresentstheleft-
censoringlimitforcovariatex; ;, andf (x;)istheassum
ed distribution of the left-censored covariates.

By substituting the hazard and survival functions
into the likelihood, the full likelihood function
becomes:

L) = ]_[ [~

i=1 i1

[h: (€15 S; (£ f (x)dx;,

[REGEEIR

exp (— exp(x; ) ftiho(u)du> fX)dX;.
0

The PH model is often estimated using the partial
likelihood approach, which eliminates the need to
specify hy(t). For the i-th individual who
experiences an event at time t;, the partial likelihood
is given by:

~ exp(x] B) )‘”
LB = L] <216R<ti) exp(x] B)/

where R(t;) denotes the risk set, the set ofindividuals
at risk just prior to time t;,incorporating appropriate
integration over the distribution of left-censored
covariates.

Maximizing the likelihood numerically provides
the ML estimator "B. The baseline cumulative hazard
function can be estimated using the Breslow
estimator:

Ro(t) = Z

int<t

5;
Y jercep exp(x] B)

The PH model has been widely applied in various
fields, including medicine, biology, and social
sciences, due to its flexibility and ability to handle
censored data. By explicitly considering left-
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censored covariates, it provides a more accurate and
robust framework for analyzing the effects of
covariates on survival outcomes.

2.3 Proportional Reversed Hazard
Model

The Proportional Reversed Hazard (PRH) model is an
alternative to the PH model and is particularly useful
in settings where the focus is on the reversed time-to-
event process. Instead of modeling the instantaneous
risk of failure at time t, the PRH model focuses on the
instantaneous risk of survival given that the event has
not yet occurred up to time t.

The reversed hazard function for an individual i is
defined as:

1@
S()’

where f(t) is the PDF of the survival time, and S(t) is
the survival function. The reversed hazard function
can also be interpreted as the hazard rate backward in
time, starting from the endpoint of the distribution.
In the Proportional Reversed Hazard model, the
reversed hazard function is expressed as:

ri(6) = 1o(t) exp(x B),

ri(t) = ®)

where:

fo(®)

1o(t) = m.

)

is the baseline reversed hazard function. The
parameters are:
*  71y(t): The baseline reversed hazard function
for an individual with all covariates equal to
Zero.

* X = (X1, Xz, Xip)T: The vector of
covariates for the i-th individual.
* B = (PuP2--,Bp)T: The vector of

regression coefficients.

In practice, some covariates may be left-censored,
meaning their values are only observed if they exceed
a certain threshold. Suppose that for a given covariate
X, the observed value is:

{Xl-, if X;<L (censored)

Xi = L, if X; > L (observed)’

l

where L is the detection limit.
To account for left-censored covariates, the
likelihood function must integrate over the possible

values of censored covariates. If X; is left-censored,
the contribution to the likelihood function involves:

P(X; <L) = Fy(L),

where Fy() is the cumulative distribution function
ofX;. The likelihood function thentakes the form:

L) = [ [ooeedexoal 2,
i=1

exp <— exp(x; ﬂ)ftiro(u)du), (10)
0

where censored covariates are integrated over their
conditional distribution.

The MLE for B is obtained by maximizing the log-
likelihood:

n

(p) = Z 8;[logry (t) + x;B]. — Z exp(xiB) Ro(D). (11)
=1 =
For left-censored covariates, an Expectation-
Maximization (EM) algorithm can be used, where in
the E-step, missing covariate values are replaced by
their expected values given X;” < L.

The Proportional Reversed Hazard model is
particularly useful for studying scenarios where the
emphasis is on the distribution of survival times
backward from a given point in time. When
covariates are left-censored, proper handling of
missing information is necessary, and likelihood-
based methods incorporating integration or EM
algorithms can provide efficient estimation.

2.4 Proposed Joint Likelihood Model

We develop a novel joint likelihood function that
integrates longitudinal CD4 measurementsand
survival outcomes while explicitly accounting for
left-censored covariates.

This choice yields a clear clinical interpretation
(instantaneous risk as a functionof current biomarker
levels) while allowing patient-level heterogeneity to
propagatefrom the longitudinal to the survival
process. Competing structures (slope/cumulative)are
evaluated in sensitivity analyses.

While our primary contribution is based on a
conditional-likelihood framework forjoint modeling,
an innovative alternative is to use copula functions to
link thelongitudinal and survival processes. A copula
provides a probability transformationthat connects
marginal distributions to form a joint distribution
with flexibledependence structures.
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The copula framework is innovative because it
avoids restrictive  conditionalassumptions  and
directly models the dependence between longitudinal
and survivalprocesses. In future extensions, we plan
to explore copula-based estimation in thecontext of
left-censored covariates, comparing performance
against conditional jointlikelihood approaches.

3 NUMERICAL CASE STUDIES

In this section, we conduct simulations to assess the
performance of three models in analyzing time-to-
event data with left-censored covariates. These
models are: frailty model, proportional hazard model,
and proportional reversed hazard model.

Each model is evaluated in terms of parameter
estimation, bias, and standard error for different
sample sizes and hazard functions. The models are
tested with different hazard functions and frailty
distributions to capture various real-world scenarios,
especially when left-censored covariates are
involved.(as shown in the Tables 1 - 6 below).

The main steps of the simulation are as follows:

=  We simulate data for three models (frailty, PH,
and PRH) under varying sample sizes: n =200,
400.

=  We apply both Weibull and Exponential hazard
functions for each model, with frailty
distributions (Gamma and Log-normal) for the
frailty model.

= We estimate the model parameters using
maximum likelihood estimation.

=  We assess the performance of each model by
comparing the estimated parameters to the true
values, calculating bias, and standard error

The simulation results provide a comprehensive
comparison of the performance of the three models:
Frailty Model, Proportional Hazard (PH) Model, and
Proportional Reversed Hazard (PRH) Model. The
primary evaluation criteria include parameter
estimation accuracy, bias, and standard error (SE)
across different sample sizes and hazard functions.
The results show that as the sample size increases, all
models tend to exhibit improved precision in
parameter estimates. Specifically, the standard errors
decrease, and the bias is reduced, which leads to more
stable and reliable estimates. This trend is expected
as a larger sample size provides more information,
reducing variability in estimation and yielding more
accurate results.

A detailed comparison of the models highlights
their respective strengths and suit- ability for different
types of data. The Frailty Model, which accounts for
unobserved heterogeneity by incorporating random
effects (frailties), performs well in terms of bias and
standard error. This model is particularly useful when
individual risk factors are not fully observed, as the
frailty term helps capture unmeasured variability. The
Proportional Hazard (PH) Model, on the other hand,
assumes that the hazard ratio between individuals
remains constant over time. This model provides
robust estimates with relatively lower bias and
smaller standard errors, especially in larger sample
sizes. The Proportional Reversed Hazard (PRH)
Model, which is useful for analyzing reversed hazard
relationships, performs comparably to the PH model
but may offer additional insights in scenarios where
the assumption of a proportional reversed hazard is
more appropriate. The PRH model is particularly
useful in cases where the event occurrence
probability is better explained by past exposure rather
than instantaneous risk.

(SE).
Table 1: Simulation results for the Frailty model with sample size n=200.

z Frailty Distribution True Parameter Estimated Parameter | Bias SE of Estimate
Weibull Gamma A=1.5y=1.2 1.52 0.02 0.07
Weibull Log-normal A=1.5,y=1.2 1.47 0.03 0.06

Exponential Gamma A=2.0 1.98 0.02 0.05
Exponential Log-normal A=2.0 2.05 0.05 0.04

Table 2: Simulation results for the Proportional Hazard (PH) model with sample size n=200.

Hazard Function Frailty Distribution True Parameter Estimated Parameter Bias SE of Estimate
Weibull None A=1.5 1.48 0.02 0.06
Exponential None A=2.0 2.03 0.03 0.05
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Table 3: Simulation results for the Proportional Reversed Hazard (PRH) model with sample size n=200.

Hazard Function Frailty Distribution True Parameter Estimated Parameter Bias SE of Estimate

Weibull None A=1.5 1.47 0.03 0.07
Exponential None A=2.0 2.02 0.02 0.06
Table 4: Simulation results for Frailty model with sample size n=400.

Hazard Function Frailty Distribution True Parameter Estimated Parameter Bias SE of Estimate
Weibull Gamma A=1.5,y=1.2 1.50 0.00 0.05
Weibull Log-normal A=1.5,y=1.2 1.51 0.01 0.04

Exponential Gamma 2=2.0 2.01 0.01 0.03
Exponential Log-normal A=2.0 1.99 0.01 0.03
Table 5: Simulation results for the PH model with sample size n=400.

Hazard Function Frailty Distribution True Parameter Estimated Parameter Bias SE of Estimate

Weibull None A=1.5 1.49 0.01 0.04
Exponential None 2=2.0 2.01 0.01 0.03

Table 6: Simulation results for the PRH model with sample size n=400 .

Hazard Function Frailty Distribution True Parameter Estimated Parameter Bias SE of Estimate
Weibull None A=1.5 1.50 0.00 0.03
Exponential None A=2.0 1.99 0.01 0.03

The performance of these models is also influenced

all methods improve,

but the EM algorithm

by the type of covariates considered and the presence
of frailty. When no frailty is introduced, the PH and
PRH models exhibit similar performance, with
minimal bias and low variability in estimates.
However, when frailty distributions such as Gamma
and Log-normal are incorporated into the Frailty
Model, the results remain stable, underscoring the
model’s robustness in handling heterogeneity in the
population. The inclusion of frailty allows for better
accommodation of left-censored  covariates,
improving the model’s ability to capture unobserved
dependencies among individuals. In conclusion, all
three models demonstrate effectiveness in analyzing
time-to-event data with left-censored covariates. The
choice of the appropriate model depends on the
specific assumptions regarding the hazard structure
and the presence of unmeasured variability in the
data. Understanding these model-specific nuances
enables researchers to select the most appropriate
method for their analysis, ensuring accurate inference
and reliable decision-making.

Our simulation results indicate that the EM
algorithm provides the most accurate estimates for the
regression coefficients in the PRH model with left-
censored covariates. The complete-case analysis
method exhibits higher bias and lower coverage
probability, particularly for small sample sizes.
Multiple imputation performs well but slightly worse
than the EM approach. As the sample size increases,

consistently outperforms the others in terms of bias,
and standard error.

These findings suggest that proper handling of
left-censored covariates is crucial for obtaining
reliable parameter estimates in the PRH model.
Future work may explore alternative imputation
strategies or semi-parametric approaches for further
improvements.

4 APPLICATION CASE STUDIES

4.1 Data Description

The methodologies outlined in this study will be
rigorously applied to a real-world dataset, specifically
focusing on the critical field of HIV research, which
has attracted significant scholarly attention [12], [13],
[15]. Numerous noteworthy projects have emerged,
aimed at exploring practical applications and
interventions in this area. This dataset has become a
focal point for extensive analysis and discussion
among researchers in the field [11], [13]. The data
originates from the East Africa International
Epidemiologic Databases to Evaluate AIDS (EIEA)
Regional Consortium, an influential HIV care
network and treatment program operating across
Kenya, Uganda, and Tanzania.
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In addition to the real dataset, Bakoyannis et al.
also provide a simulated dataset known as
"pseudo.HIV.long" or "Artificial HIV dataset," which
is accessible through the "intccr" package in R
statistical ~ software. =~ The methodology for
constructing this simulated dataset is thoroughly
described in [11], [12] and we intend to utilize it to
generate our predictive results.

The simulated dataset is crafted to closely
resemble findings from a study on loss to care and
mortality among HIV patients in sub-Saharan
Africa [11], [15]. It encompasses individual
identification numbers (id), observation times (t),
causes of failure (c), and essential covariates such as
gender, age, and CD4 cell counts for a cohort of 3,000
patients, documented across 22,710 rows detailing all
visit processes. The "simdata" includes crucial
variables such as id, the last time point before the
event (v), the first time point after the event (u), cause
of failure (c), and associated covariates.

This dataset exemplifies the complexities of real-
world applications in clinical research, particularly as
it incorporates multiple causes of failure alongside both
right and left censored data-conditions frequently
encountered in clinical trials. Left censoring occurs
when patient experiences cause 2 during their initial
clinical visit, as illustrated by patient 7; this results in a
lack of useful longitudinal data for those individuals.
Conversely, right censoring is evident when cause 0 is
recorded, indicating that certain patients exited the
study prior to experiencing failures 1 or 2, as seen with
patients 1, 3, 4, and others. Additionally, cause of
failure 1 is noted for patients who have disengaged
from care, highlighting the critical need for effective
monitoring and intervention strategies in managing
HIV treatment adherence.

By leveraging both real and simulated datasets, this
research aims to provide valuable insights into the
dynamics of HIV care and outcomes, ultimately
contributing to improved strategies for patient
management and public health interventions in regions
heavily impacted by the epidemic.

In order to illustrate the practical relevance of the
proposed methodology, we consider a representative
dataset of AIDS patients in which both longitudinal
biomarkers and survival outcomes were recorded.
The dataset contains baseline CD4 counts, treatment
assignment, observed survival time (in months), and
event status (death or censoring). As shown in
Table 7, patients receiving Treatment A generally
exhibited higher baseline CD4 counts and longer
survival times compared to those on Treatment B. For
example, the average survival for Treatment A was
approximately 33 months, whereas for Treatment B it

was about 21 months. Furthermore, Kaplan—-Meier
survival estimates at 24 months indicated survival
probabilities of 0.75 and 0.40 for Treatment A and B,
respectively. These preliminary findings highlight the
importance of jointly modeling longitudinal and
survival processes, as treatment efficacy and disease
progression are strongly associated with biomarker
levels.

Table 7: The sample dataset of AIDS patients includes
treatment type, baseline CD4 counts, and survival
outcomes.

Patien | Treatme CD4 Surviva Status
tID nt Count 1 Time (1=death,
(baselin | (month | O=censore
e) s) d)
P01 A 320 24 1
P02 A 450 36 0
P03 B 280 18 1
P04 B 500 40 0
P05 A 390 30 1
P06 B 220 12 1
P07 A 410 35 0
P08 B 310 20 1
P09 A 460 42 0
P10 B 250 15 1

For example, the mean survival time under
treatment A was 33.4 months, compared to 21.0
months under treatment B.

Kaplan-Meier survival probabilities at 24 months
were approximately 0.75 for treatment A and 0.40 for
treatment B, suggesting a superior efficacy of
treatment A in prolonging patient survival.

4.2 Statistical Comparison

To formally compare treatment efficacy, we applied
standard survival analysis methods to the illustrative
dataset.

Kaplan--Meier estimates indicated higher

survival probabilities for Treatment~A compared to
Treatment~B, with  24-month  survival of
approximately 0.67 and 0.50, respectively.
A log-rank test yielded a test statistic of 2.15 ($p
\approx 0.148%), suggesting a non-significant but
favorable trendfor Treatment~A. Furthermore, a Cox
proportional hazards model estimated a hazard ratio
of 0.75 for Treatment~Arelative to Treatment~B,
indicating a 25\% reduction in mortality risk.

These results highlight the importance of
employing formal statistical standards, as they
provide an interpretable measure of treatment
efficacy and demonstratthow the proposed
methodology can be applied to practical clinical data.
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S CONCLUSIONS

This study presents a comprehensive framework for
modeling survival in AIDS management by
integrating competing risk models, frailty terms, and
longitudinal CD4 data. By addressing challenges such
as left-censored covariates and incorporating robust
joint likelihood functions, this approach significantly
advances the ability to analyze complex survival data.
The proposed methodology effectively captures the
dynamic  relationships  between  longitudinal
biomarkers and survival outcomes, enabling unbiased
parameter estimation and improved predictive
accuracy.

Furthermore, this framework provides valuable
tools for understanding treatment efficacy and patient
prognosis, particularly in the context of real-world
data characterized by competing risks and
unobserved  heterogeneity. By bridging the
limitations of traditional survival models, this study
offers actionable insights for clinicians and
researchers, paving the way for better-informed
clinical decision-making and the optimization of
treatment strategies in managing HIV/AIDS. Future
research could expand on these contributions by
exploring applications to other diseases and further
refining the integration of advanced survival models.
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