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Abstract: In this research, a model of panel data models was reviewed which is hybrid coefficients model which is 

characterized by a portion of the regression coefficients being fixed slopes while the other portion of the 

coefficients are random slopes meaning that they have a normal distribution with an unknown mean and 

variance. Several methods were used to estimate the parameters of this model in the case of unbalanced panel 

data. these estimation methods depend on the common correlated effects estimator which is composed of 

three estimators, common correlated effect mean group estimator(CCEMG), common correlated effect pooled 

(CCEP) and half jackknife panel (HJP)estimator to estimate the parameters of the hybrid coefficients model 

represented by the first fixed slope and the mean of the random slope coefficient. Monte Carlo experiments 

and different sample sizes (NT) are small, medium and large, with different variance levels  to compare 

between estimation methods, the simulation results showed that the (CCEP) is the best estimation method 

because it has the less average mean absolute error (AMAE). The (CCMG) is the best method after (CCEP).  

1 INTRODUCTION 

Since the beginning of the fifties of the twentieth 

century, applied studies have taken a new path 

characterized by the increasing use of theoretical 

hypotheses that are in the form of primary 

information derived from outside the scope of the 

sample and provided by the theory behind the 

phenomenon studied or previous studies and 

combining them with sample data whether cross – 

sectional data or time series data, to obtain estimates 

of the parameters of the model studied that more 

efficient than the estimators based on time series or 

cross sectional alone. methods used to combine time 

series and cross-sectional data at the single equation 

level involve using the cross-sectional data to 

estimate some model parameters and then introducing 

these estimators as constant value constraints into the 

time series regression equation. 

Panel data consists of cross-sectional data and 

time series data. the behavior of data categories is 

observed over a period of time. These categories 

maybe (countries, companies,…,etc) [1]. Observation 

from the same category is correlated and correlation 

is the distinguishing feature of these data. They are 

also known as longitudinal data. panel data have 

group effects (cross sectional) or have time effects or 

both. panel data are divided into two types, balanced 

panel data which contain equal time periods for all 

cross sections but if the time period differs across 

cross sections, it is called unbalanced panel data. the 

main objective of this research is to estimate the 

parameters of hybrid coefficients model for 

unbalanced panel data and to compare the estimation 

methods to show the best estimation methods. 

2 PANEL DATA REGRESSION 

MODELS 

Regression analysis is one of the important topics of 

statistics, which is widely used in all fields of science 

and knowledge because it describes the relation 

between variables in the form of an equation it can be 

known in general as the analysis that specializes in 

studying the effect of one or more variables called the 

independent variable or independent variables on one 

variable called the dependent variable [2]. This is for 

the purpose of estimating or predicting the value of 

the dependent variable given the information of the 

independent variable or variables.  

811 

Proceedings of the International Conference on Applied Innovations in IT (ICAIIT), December 2025



Accordingly, the regression model is used to 

arrive at mathematical model that explains the 

quantitative relationship between the dependent and 

the independent variables. Therefore, it can be 

defined as a statistical method used to analyze data 

that contains two or more variables when the goal is 

to discover the nature of this relationship. 

In general, regression models can be classified 

according to several factors [3]: 

1) The number of the variables. There is common

division of regression models according to the

number of independent variables used in the

models. if the model contains one independent

variable with the dependent variable, the model

is called a simple regression model. however, if

the number of independent variables is more

than one, it is called a multiple regression

model.

2) The form of the relation between the variables.

Here we can distinguish between two types of

regression models, the linear regression model

and nonlinear regression model.

3) Level of measurement for variables. This

classification depends on the type of data for the

dependent variable, whether it is descriptive or

quantitative data. here, it can be divided in two

types of regression models, logistic regression

models it is used when the data of the dependent

variable is descriptive. the second is the

traditional regression model, which is used

when the data of the dependent variable is

quantitative data. if the quantitative data is time

series data, then time series regression models

are used, and if the quantitative contains cross

sections, then cross – sectional data regression

models are used. but if the dependent variable

and the independent variables are time series

and cross – sectional data, then panel data

models are used because the independent

variables and the dependent variable have two

dimensions, which are the cross – section and

time.

In the current decade, panel data models have 

gained great interest especially in economic and 

medical studies because they take into account the 

effect of change in time as well as the effect change 

in cross – sectional observations. many researchers 

studied panel data models, some of whom were 

interested in studying the properties of these models 

mathematically [4], [5]. Among those who were 

interested in applying these models in their studies 

[6], [7]. 

The panel data has the following properties [1], 

[8]: 

1) it allows controlling individual variation that

may appear in the case of cross – sectional or

temporal data which leads to biased results;

2) it helps control some variables that remain

constant among individuals but change over

time, such as national policies and international

agreements;

3) panel data contain more information content that

cross – sectional or temporal data, and therefore

it is possible to obtain estimates with higher

confidence and the problem of common

correlation between variables is less severe than

time series data;

4) panel data distinguished from others in that it

includes a greater number of degrees of freedom

and is characterized by better efficiency as well

as multicollinearity between variables and more

information content if cross – sectional or

temporal data are used;

5) panel data models provide a better possibility to

study the adjustment dynamics that may be

hidden by cross – sectional data, and they are

also suitable for studying periods of economic

conditions such as unemployment poverty,

growth and others. on the other hand, it is

possible through panel data to link the behaviors

of the sample observations from one point in

time to another;

6) panel data models contribute to reducing the

possibility of the problem of neglected variables

resulting from unobserved item characteristics

that usually lead to biased estimates;

7) the importance of using panel data is that takes

into account what is described as heterogeneity

or unobserved difference specifics to the sample

observations whether cross – sectional or

temporal;

8) these models help prevent the common problem

of heteroscedasticity.

3 THE MODEL 

In simple and multiple regression model, the 

regression coefficients are fixed parameters so we 

seek to estimate these parameters using classical or 

Bayesian methods [9]. However, when the regression 

coefficients(slopes) are random parameters and not 

fixed, then they are called random coefficient (RCR) 

model [10]. 

In the research, we will discuss a model that 

contains both fixed and random regression 

coefficients, which is given by the following [11]: 
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𝑌𝑖𝑡 = 𝑋1𝑖𝑡𝛽1 + 𝑋2𝑖𝑡𝛽2𝑖 + 𝑢𝑖𝑡,  (1) 

where i=1,2,…,N represent cross section unit and 

t=1,2,…,Ti represent time series period.  

Model (1) is unbalanced panel data, meaning that 

there are 𝑁 individuals observed over varying time 

periods length (i=1,2, …, Ti). the model in (1) can be 

rewritten by stacking over time period 𝑡: 

 𝑌𝑖 = 𝑋1𝑖𝛽1 + 𝑋2𝑖𝛽2𝑖 + 𝑢𝑖 ,   (2) 

where 𝑌𝑖 = (𝑌𝑖1, … , 𝑌𝑖𝑇𝑖
)′,𝑋1𝑖, 𝑋2𝑖 are matrices of rank

𝑇𝑖 × 𝐾1 and 𝑇𝑖 × 𝐾2 for explanatory variables and

𝛽1is fixed slope of rank 𝐾1 × 1, 𝛽2𝑖 is assumed

random slope of rank 𝐾2 × 1, finally 𝑢𝑖 is the random

error of rank 𝑇𝑖 × 1. the model (2) has the following

assumptions [12]: 

Assumption 1: the random error has 𝐸(𝑢𝑖) = 0
and 𝑣𝑎𝑟(𝑢𝑖) = 𝜎𝑢

2𝐼𝑇𝑖
  𝑖 = 1,2, … , 𝑁.

Assumption 2: the slope coefficients 𝛽2𝑖 are

independent and distributed with: 

𝐸(𝛽2𝑖) = 𝛽̅2,𝑣𝑎𝑟(𝛽2𝑖𝑗) = {
∆   𝑖 = 𝑗
0   𝑖 ≠ 𝑗 

 𝑖, 𝑗 = 1, … , 𝑁. 

From assumption (2) can be written the random 

slope [13]: 

𝛽2𝑖 = 𝛽̅2 + 𝜇𝑖 ,        (3) 

where 𝛽̅2 = (𝛽̅21, … , 𝛽̅2𝐾2
)′is a vector of constant 

parameters and 𝜇𝑖 = (𝜇1, … , 𝜇𝐾2
)′ with: 

𝐸(𝜇𝑖) = 0, 𝑣𝑎𝑟(𝜇𝑖𝑗) = {
∆   𝑖 = 𝑗
0   𝑖 ≠ 𝑗 

 𝑖, 𝑗 = 1, … , 𝑁, 

where ∆ is a K2 diagonal matrix. we note that the 

random slope in assumption (3) is constant over time 

periods but changes over the cross sections due to the 

change in the random error. 

By substituting (3) into (2), we get: 

 𝑌𝑖 = 𝑋1𝑖𝛽1 + 𝑋2𝑖𝛽̅2 + 𝜀𝑖 ,   (4) 

where 𝜀𝑖 = 𝑋2𝑖𝜇𝑖 + 𝑢𝑖, by rewriting the above model,

we get: 

  𝑌 = 𝑄𝜃̅ + 𝜀,             (5) 

where 𝑌 = (𝑌1, … , 𝑌𝑁)′, 𝑄 = (𝑄1
′ , … , 𝑄𝑁

′ )′, 𝜃̅ =
(𝛽1

′ , 𝛽̅2
′ )′, 𝑄𝑖 = (𝑋1𝑖 , 𝑋2𝑖), 𝜀 = (𝜀1

′ , … , 𝜀2
′ )′.

4 ESTIMATION 

In this section we will use different estimation 

methods to estimate the parameters of the hybrid 

coefficients model in the (5). These methods based on 

CCE estimator and are as follows: 

4.1 CCE Mean Group Estimator 

The common correlated effect estimator proposed by 

[14] to estimate panel data model with random

regression coefficient. the CCEMG for estimate

parameters in model (5) is given by [15]:

𝜃̂̅𝐶𝐶𝐸𝑀𝐺 =
1

𝑁
∑ 𝜃̂𝐶𝐶𝐸,𝑖

𝑁
𝑖=1 ,       (6) 

where 𝜃̂𝐶𝐶𝐸,𝑖is the (CCE) for each cross – sectional 𝑖
which equal to: 

𝜃̂𝐶𝐶𝐸,𝑖 = (𝑄𝑖
′𝑀𝐻𝑄𝑖)

−1𝑄𝑖
′𝑀𝐻𝑌𝑖 ,  (7) 

where: 

𝑀𝐻 = 𝐼𝑇𝑖
− (𝐻′𝐻)−1𝐻′,

𝐻 = (𝑄̅, 𝑌̅), 
𝑄̅ = (𝑄̅1, … , 𝑄̅𝑇)′, 𝑌̅ = (𝑌̅1, … , 𝑌̅𝑇),

𝑄̅𝑡 =
1

𝑁
∑ 𝑄𝑖𝑡

𝑁

𝑖=1

, 𝑌̅𝑡 =
1

𝑁
∑ 𝑌𝑖𝑡

𝑁

𝑖=1

, 

The (CCEMG) is asymptotically distributed as [10]: 

√𝑁 (𝜃̂̅𝐶𝐶𝐸𝑀𝐺 − 𝜃̅) → 𝑁(0, 𝛾̂𝐶𝐶𝐸𝑀𝐺),

where 𝛾̂𝐶𝐶𝐸𝑀𝐺 the variance of estimator in (6).

4.2 CCE Pooled Estimator 

The CCEP estimator is calculated when the 

individuals slope coefficient 𝛽2𝑖 are differ from

cross–sectional to another. the CCEP is given by [14]: 

𝜃̂̅𝐶𝐶𝐸𝑃 = [∑ 𝑊𝑖𝑄𝑖
′𝑀𝐻𝑄𝑖]

−1𝑁
𝑖=1 ∑ 𝑊𝑖𝑄𝑖

′𝑀𝐻𝑌𝑖
𝑁
𝑖=1 , (8) 

where (Wi) represent weights for each 𝑖: 

 𝑊𝑖 =
𝜎𝑖

−2

∑ 𝜎𝑖
−2𝑁

𝑖=1
,      (9) 

and 

𝜎𝑖
2 =

(𝑌𝑖−𝑄𝑖𝜃̂𝐶𝐶𝐸,𝑖)′𝑀𝐻(𝑌𝑖−𝑄𝑖𝜃̂𝐶𝐶𝐸,𝑖)

𝑇𝑖
. 

4.3 Half Jackknife Panel Estimator 

This method was proposed by Dhaene and Jochmans 

(2012) [17]. the HJP estimator depend on CCE by 

dividing the time series within each cross – section 

into two halves and calculating the CCE for each half. 

the HJP is [16]: 

𝜃̂̅𝐻𝐽𝑃 = 2𝜃̂̅𝐶𝐶𝐸𝑀𝐺 −
1

2
(𝜃̂̅𝐶𝐶𝐸𝑀𝐺

[1]
− 𝜃̂̅𝐶𝐶𝐸𝑀𝐺

[2]
),     (10) 

where 𝜃̂̅𝐶𝐶𝐸𝑀𝐺 is defined in (6), 𝜃̂̅𝐶𝐶𝐸𝑀𝐺
[1]

 is calculated

from time series t=1,2,…, Ti/2 in each cross–sectional 

𝑖 and 𝜃̂̅𝐶𝐶𝐸𝑀𝐺
[2]

 is calculated from time series

t=(Ti/2)+1,…,Ti. 

813 

Proceedings of the International Conference on Applied Innovations in IT (ICAIIT), December 2025



5 THE SIMULATION STUDIES 

In this section, we will compare between CCEMG, 

CCEP and HJP for different sample sizes, Monte 

Carlo simulation was used to generate variables of the 

hybrid model. the program used to write the Monte 

Carlo study is in the R Language.  

Rewrite the model: 

𝑌𝑖𝑡 = 𝑋1𝑖𝑡𝛽1 + 𝑋2𝑖𝑡𝛽2𝑖 + 𝑢𝑖𝑡,  (11) 

     i=1,2,…, N  t=1,2,…,Ti, 

in this study, the values of the explanatory variables 

were generated with a normal distribution with mean 

0 and variance equal to one, allowing them to differ 

within each cross – sectional. the fixed slope 

coefficient is chosen equal to β1 = 2,4 and 6, the

random slope coefficient were generated from 

assumption (3): β2i = β̅2 + μi with mean β̅2 equal to

0.1, 0.2 and 0.4 and the random error μiwere

generated as normal distribution with mean 0 and 

variance equal to 25,30. The random error uit were

generated with normal distribution with mean equal 

to 0 and variance equal to 2,4 and 6. the values of N, 

T were chosen from different values (N=T= 6, 10, 12, 

14 and 16). thus, the sample size in the case of 

balanced panel data is equal to (n=NT), while in the 

unbalanced panel data, the sample size is equal to n =
∑ Ti

N
i=1 . for each N cross sections there is cross

section containing a time series that differs from the 

other sections to obtain unbalanced panel data. in this 

study the third cross section for each N was made to 

contain four individual of time series i.e (Ti=4 for 

i=3). Table 1 includes the results for AMAEwhen 

𝛽1 =2, 𝛽2𝑖~𝑁(0.1,25), Table 2 when 𝛽1 = 4,

𝛽2𝑖~𝑁(0.2,30) and Table 3 when 𝛽1 =
6, 𝛽2𝑖~𝑁(0.4,30).

5.1 Results 

In this section we will calculated the (AMAE) for 

estimation methods CCEMG, CCEP and HJPE for 

compare between these estimators. the AMAE is 

given by: 

𝐴𝑀𝐴𝐸(𝑌) =
1

𝑅
∑ 𝑀𝐴𝐸(𝑌),𝑅

𝑖=1

where R represent the number of replicates of the 

experiments equal to 1000. and MAE equal to:  

𝑀𝐴𝐸(𝑌) =
1

𝑛
∑ |

𝑛

𝑖=1

𝑌𝑖 − 𝑌̂𝑖|.

Table 1: AMAE when𝛽1 = 2, 𝛽2𝑖~𝑁(0.1,25).

N=T Estimators 
𝜎𝑢

2

2 4 6 

6 

CCEMG 1.58890 2.44088 3.78405 

CCEP 1. 01954 1. 24670 60424.1  

HJP 8.81388 51.68297 18.55046 

8 

CCEMG 1.25650 1.62931 2.16993 

CCEP 39093.0  10988.0  740201.  

HJP 3.76633 6.04728 17.28449 

10 

CCEMG 0.93546 1.23607 1.77261 

CCEP 318960.  11158.0  73095.0  

HJP 12.99293 23.05623 24.81867 

12 

CCEMG 696140.  1.32733 1.35627 

CCEP 838550.  438370.  26189.0  

HJP 2.48124 2.78504 5.79645 

14 

CCEMG 0.80965 0.88404 1.09568 

CCEP 475550.  602460.  781170.  

HJP 2.23708 2.08343 3.11329 

16 

CCEMG 695250.  740360.  646770.0  

CCEP 0.68169 0.73699 0.78706 

HJP 1.61418 1.49426 2.94651 

From Table 1 the best estimation method is CCEP 

as it has the lowest AMAE, except for N=T= 12 and 

𝜎𝑢
2 =2 where the results showed superiority the

CCMG. The HJP has highest AMAE it was the worst 

estimation method. These results are illustrated in 

Figure 1. 

Table 2: AMAE when𝛽1 = 4, 𝛽2𝑖~𝑁(0.2,30).

N=T Estimators 
𝜎𝑢

2

2 4 6 

6 

CCEMG 118301.  3.05672 4.52806 

CCEP 999151.  882631.  04706.1  

HJP 8.01609 12.79155 22.28190 

8 

CCEMG 202401.  1.86489 2.31472 

CCEP 473031.  711091.  190181.  

HJP 5.08173 9.67312 10.27363 

10 

CCEMG .060920  1.24146 1.89807 

CCEP 76375.0  22289.0  844701.  

HJP 33.79948 23.27028 15.88350 

12 

CCEMG 289670.  1.06704 1.94116 

CCEP 84375.0  94881.0  42297.0  

HJP 2.39712 2.33144 4.08247 

14 

CCEMG 091940.  1.02268 1.11696 

CCEP 528690.  736740.  605760.  

HJP 7.22877 1.88920 3.76969 

16 

CCEMG 773920.  0.90346 0.99819 

CCEP 107950.  086730.  833760.  

HJP 1.01465 7.84661 1.70827 
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From Table 2 the best estimation method is CCEP 

as it has the lowest AMAE,except for N=T=8 

N=T=10, N=T=12 and N=T=16 with σu
2 =2 where

the results showed superiority the CCMG. The HJP 

has highest AMAE it was the worst estimation 

method. Figure 2 visualizes these AMAE results for 

easier comparison. 

Table 3: AMAE when 𝛽1 = 6, 𝛽2𝑖~𝑁(0.4,30).

N=T Estimators 
𝜎𝑢

2

2 4 6 

6 

CCEMG 1.86835 3.32966 4.18577 

CCEP 31779.0  543281.  10454.1  

HJP 10.41008 22.00085 30.92379 

8 

CCEMG 1.22375 1.54505 2.65452 

CCEP 8.0 1278 107511.  955821.  

HJP 3.49339 6.90341 13.76258 

10 

CCEMG 1.44390 1.09846 1.41257 

CCEP 107370.  51682.0  38988.0  

HJP 14.04935 13.72030 18.08526 

12 

CCEMG 0.74377 1.18751 1.67669 

CCEP 0. 62070 0. 80228 773380.  

HJP 1.37923 3.89849 4.67962 

14 

CCEMG 0. 76134 1.81599 1.08066 

CCEP 181540.  283670.  666770.  

HJP 1.06013 3.45888 1.96723 

16 

CCEMG 0.73231 0.81515 1.50622 

CCEP 837050.  74940.7  0.78464 

HJP 1.07678 1.15790 3.40047 

From Table 3 the best estimation method is CCEP 

as it has the lowest AMAE for all values of N=T. the 

second place was taken by the CCEMG. the AMAE 

values decrease with increasing values of N, T and 

increase with increasing the variance levels. the HJP 

method has fluctuations in the AMAE values. The 

trends in AMAE for this scenario are depicted in 

Figure 3. 

Figure 1: CCEP for 𝛽1 = 2, 𝛽2𝑖~𝑁(0.1,25).

Figure 2: CCEP for 𝛽1 = 4, 𝛽2𝑖~𝑁(0.2,30).

Figure 3: CCEP for 𝛽1 = 6, 𝛽2𝑖~𝑁(0.4,30).

6 CONCLUSIONS 

In this paper, we represented different methods for 

estimating panel data model, these methods are 

CCEMG, CCEP and HJP used to estimate hybrid 

coefficients model with unbalanced panel data. we 

performed Monte Carlo simulation study. the 

simulation results showed that the best and most 

appropriate is CCEP as it has the smallest value of 

average mean absolute error. We also observe from 

the simulation results tables for the estimation 

methods that the AMAE values increase with 

increasing variance levels and decrease with 

increasing values of N, T. given the differences in 

variances, number of cross – sections and time series, 

the researchers recommend using the common 

correlated effect pooled method for hybrid panel data 

model. 
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