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This research presents the development of a deep learning algorithm grounded in hidden variable models for
the analysis of multi-state systems. Accurately estimating the joint probability distribution of interrelated
variables remains a significant challenge, particularly in scenarios where the state data is either unavailable
or only weakly linked to the observed correlation data. Hidden variable models address this problem by
introducing latent or unobserved factors that can effectively capture and explain the variations in the observed
data. System identification, which focuses on developing mathematical models of dynamic systems based on
observed input-output data, shows a natural synergy with machine learning methodologies. By leveraging this
connection, we propose structural simplifications to hidden variable models that aim to improve their capacity
to represent critical state variables and enhance their performance in system identification applications. These
simplifications make the models more interpretable and computationally tractable, while still preserving the
essential dynamics of multi-state systems, thereby improving the reliability and practicality of their
deployment.

The parameter estimation process is thus formalized

as [3]:
Estimating joint probability  distributions of 0°.0" = argmaxgy F(0,P). (4)
interdependent features is a fundamental challenge in " E-step:
machine learning. Hidden variable models address @K+ = arg max, F(6F, ®).
this by introducing latent variables z with prior
distribution p(z), where observed data x is generated " M-step:
from p(x|z) [1] The joint distribution is given by: 0%+t = arg maxy F(6, F). (5)

p(x,z) = p(2)p(x|2). (M

The marginal distribution p(x) = [ p(x/2)p(z)dz
is typically intractable. We therefore employ
variational inference, introducing an approximate
posterior qg(z\x) to derive the Evidence Lower
Bound (ELBO) [2]:

log pe(x) = log | pe(2)pe(x/2).  (2)
This bound decomposes into:
1. Reconstruction term
= Eqg(log pe(x\2) ). 3

2. KL divergence:
— Dkl qo(2\x) \pg(2)) = F(6,P).
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This framework forms the basis of Variational
Autoencoders (VAEs), where neural networks
parameterize  both  the encoder q4(z | x) and
decoder pg (x| Z).

2 METHODOLOGY

2.1 Variational Autoencoder with
Adaptive Structure

A variational encoder is a latent variable model that
uses neural networks to approximate conditional
distributions. The generative distribution takes the
form:

p(@p(x | z).
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The prior p(z), is unrestricted, but its choice critically
impacts the model’s effectiveness. While any p(z|x)
is theoretically valid, the optimal distribution enables
the decoder p(x|z) to generate accurate samples
efficiently. In VAEs, the latent space is modeled as a
standard normal distribution because any complex
distribution can be approximated by transforming
normal samples. This ensures accurate generation, as
the decoder (a neural network) can universally
approximate p(x|z) The core training [4] challenge is
sampling z such that p(x|z) assigns high likelihood to
observed data. To achieve this, an encoder network
maps input x to a latent distribution z that maximizes
the probability of reconstructing x. The general
diagram of this generative and recognitive model is
shown in Figure 1.

Figure 1: The generative model of the changeable self-
encoder (17) - the bold lines of the generative model, the
dashed lines show the inference model or the recognition
network.

In variational autoencoders, assuming a normal
latent distribution is a key limitation. This restricts the
model’s ability to capture multi modal distributions
and prevents the encoder from accurately
approximating the true posterior. Despite this
limitation, the variational autoencoder (VAE) still
performs well in a wide range of applications. The
training and sample generation process in this
network is governed by the following
relations (6) [5]:

Hen = NNuen x)

qp(2\x)~N (ten, Ue?n) {log o2 = NN €))
en = Oen

(6)
Uge = NNy, @

""N ’ ;
Pe(X\2)~N (Uge, 0F,) {log 02, = NNog, (2)

Each latent sample z is generated using the
parameters [l,,, 02,, following a standard normal
distribution. This is enabled by the reparameterization
trick, which addresses the issue that sampling is
inherently non-differentiable and would otherwise
prevent gradient-based training. By reparameterizing
the latent variables, the model remains fully trainable
using gradient descent. The model parameters are
optimized by minimizing the Evidence Lower Bound
(ELBO), where both expectation and maximization
steps are performed jointly. This joint update creates
a gap between the ELBO and the true log-likelihood,
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as decoder parameters affect reconstruction loss and
encoder parameters shape the latent space. To reduce
this gap, a weighting scheme for encoder samples was
introduced, leading to the weighted autoencoder. A
key limitation of the standard VAE is its assumption
of Gaussian distributions for both encoder and
decoder, chosen for simplicity sampling is easy, and
the KL divergence between Gaussians has a closed
form expression. While this facilitates training, it
limits the flexibility of the latent space. Modifying the
encoder distribution complicates decoder training,
and no general framework exists for arbitrary prior
and posterior distributions. To address this, the
Adversarial Autoencoder (AAE) was proposed,
treating the VAE as a special case and using
adversarial training to relax the Gaussian assumptions
imposed on the latent space [5].

This enables modeling more complex
distributions and provides solutions for memoryless
or static data  types lacking temporal

structure.However, in the context of identifying
nonlinear dynamic systems, it is essential to
generalize these models to handle sequential and
time-dependent data. Developing such extensions is
critical for adapting VAEs to dynamic system
identification tasks [6].

2.2 Ordinal Latent Variable Models for
Time-Dependent Data

Most of the information in our environment is
dynamic and continuously changing. Mathematically,
this type of information is represented as a sequence.
A sequence is a vector with a physical dimension,
which in most systems is modeled as time hence the
term time series. Unlike ordinary (static) signals, time
series contain two types of information:

1) The numerical values of the data;

2) The temporal structure or timing of the values.

Because of this dual nature, processing time series
data is more complex than processing static data.
correlation analysis or mutual information may be
required to determine an appropriate value for mmm
From a machine learning perspective, analyzing time
series involves estimating the joint probability
distribution p(y;.7) across all time steps. In general,
directly modeling this joint distribution is infeasible
due to the high correlation between time steps. To
make the problem tractable, we rely on conditional
independence assumptions and temporal causality.
For example, even if we assume that each variable xt
is binary, modeling the joint distribution over a
sequence of length T would require 2 T — 1 free
parameters clearly impractical. Using the chain rule
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of probability, we can decompose the joint
distribution over time as follows (7):
PO1r) =Mizy PO \Y1:-1)- ™

This factorization is causally consistent, since
each time step depends only on past values. However,
this formulation still presents challenges, as the
condition set y;.;_; grows over time and can vary in
size. For instance, if we aim to model this distribution
using a neural network, we would need a network
whose input size dynamically increases with time—
which is impractical. Thus, we must simplify and
impose constraints on the temporal structure of the
sequence. One common simplification is to limit the
dependency window. Rather than allowing each time
step to depend on the entire history, we assume it
depends only on a fixed number mmm of past steps.
This leads to the order-mmm Markov model,
represented as (8):

PWir) = My PO \Veomee—1)- ®)

This model assumes that only a fixed-length history
is relevant for predicting future values. Examples of
such models are illustrated in Figure 2. While this
approach simplifies modeling, it introduces the
challenge of determining the memory length mmm.
For practical applications, this model is often used
when the wunderlying process has short-term
dependencies. For systems with long-term memory,
additional techniques such as Auto-regressive (AR)
models, commonly used in time series analysis, are a
special case of the Markov model. However, there is
a more general and comprehensive framework that
can encompass all of these modeling strategies: the
state space model (SSM). State space models can be
viewed as a time-unfolded version of hidden variable
models. According to the hidden variable perspective,
state space models assume that at each time step,
there is a latent (hidden) mechanism that drives the
observed data. This hidden state must evolve over
time, maintaining temporal dependencies so that the
model can learn and capture the dynamics of the
system. In the following sections, we will explore
state space models in greater detail [8]. Many real-
world phenomena are dynamic and are best
represented as time series sequences where temporal
order carries critical meaning. These sequences can
be modeled as Figure 2.

ofeR o

(a) (b)

Figure 2: The m-order Markov model.
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This simplification enables tractable training, but
introduces the challenge of selecting an appropriate
memory length mmm. Common solutions include:
Auto-Regressive (AR) Models: A specific case of the
Markov assumption, where past values linearly
predict the current step. Recurrent Neural Networks
(RNNs):  Address variable-length dependencies
through recurrent structures, although they struggle
with long-range dependencies. Long Short-Term
Memory (LSTM) and Gated Recurrent Units (GRU):
Mitigate vanishing gradients, enabling learning over
longer sequences. Transformers: Recently, attention-
based models like Transformers have outperformed
RNN-based methods on sequence tasks by allowing
direct access to all previous time steps.

2.3 Research Sample

Assume we are given a sequence of observations X;.;
that depends on a sequence of inputs u;.;. In this case,
the objective is to model the conditional probability
distribution:

Po (X1.r \Us.7)-

In the previous section, we assumed an auto-
regressive setting, where the only available
information was the sequence Xj.pitself. The
formulation above is a more general version of the
time series modeling problem. If we replace the input
ut with past values of X,we recover an auto-
regressive model. In other words, auto-regression is a
special case of this formulation when there is no
external input or stimulus. To model this distribution,
following the principles of hidden variable models,
we introduce a latent variable z; which depends on
either the input ut (in general models) or the past
output (in auto-regressive models), and also on the
previous latent state z._; to capture temporal
dynamics. In the context of state space models
(SSMs), this latent variable is referred to as the state
variable. Given this setup, we express the conditional
distribution as follows:

Po (Xi.r \Uqr) = fpe (X1 Z17 |Urr)dZy 7. Q)

Assuming that the state variables are continuous
(in the discrete case, the integral becomes a
summation), the joint distribution can be factorized
as:

Po(Xy.r Z1r [Uar) = o (21) l1?:1 po X7/
Zr) I—[?=1 po(Zr \Zr_1,Ur). (10)

" pe(X¢ | z;) is the observation model;
" pe(z; \zt_1,uy) is the state transition model.
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In some formulations, the observation model may
also condition on the input: pg(X¢ | zp,us). A
graphical model of such a state space system is shown

in Figure 3.

&
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Figure 3: The graphical model of a state space system.
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Depending on how the state transition and
observation models are defined, various state space
model variants can be constructed. The primary goal
in all cases is to infer the conditional distribution of
the output sequence given the inputs, which is
achieved by marginalizing out the latent states. This
requires estimating:

po (Zy.r [X17 W)

In most real-world cases, exact inference of this
posterior is intractable, and only under certain
conditions does an exact solution exist. For example:

= If both the observation and transition models
are linear,
= Ifboth distributions are Gaussian.

Then the problem admits a closed-form solution
known as the Kalman Filter. If the relationships are
nonlinear, an approximate version of the Kalman
Filter (such as the Extended Kalman Filter or
Unscented Kalman Filter) can be used. For most
practical applications, especially when models are
nonlinear or complex, approximate inference
techniques such as variational inference or sampling-
based methods (e.g., Monte Carlo methods) are
required [9]. The architecture, structurally
reminiscent of the state space model, is a recurrent
neural network (RNN), shown in Figure 4.

dt = fG (dT—l 'uT:G)'

A model that structurally resembles a state space
model. The left panel shows an RNN with an input
sequence, while the right panel shows the case with
no external input. Both configurations are
fundamentally similar in that they encode hidden
states over time using a deterministic update function:
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Figure 4: Presents a Recurrent Neural Network (RNN).

——

po(dr\de—1,ue) = 6(dT —fo (dt—ltut))'

There are many variants of RNNs, each developed
to enhance the network's ability to retain memory and
capture long-term dependencies. Despite differences
in architecture (e.g., LSTM, GRU), they share the
common goal of modeling state transitions via
deterministic mappings. It's important to note that the
assumption of knowing the exact model (i.e., the form
of fy is often unrealistic in real applications, where the
relationship between variables is unknown. However,
the flexibility of neural networks allows both
transition and observation models to be
approximated, making them highly effective. This
has led to the emergence of Deep State Space Models,
which use deep neural networks to represent both the
hidden dynamics and observation mappings. While
these models lack closed-form solutions, approximate
training and inference methods (e.g., variational
inference, ELBO maximization) are employed.

In this research, Recurrent Neural Networks are
explored and utilized as a flexible and powerful
instance of state space models due to their
effectiveness in modeling sequential data and hidden
state dynamics [10]. Recurrent Neural Networks
(RNNs) are a special class of neural network
architectures capable of modeling variable-length
sequences through deterministic mappings. Figure 5
illustrates the structure of an RNN in two
configurations: one without input and one with input.
In the second configuration (the right panel), the
external stimulus input is included. If we replace the
input with the previous output (i.e., auto-regressive
feedback), the structure becomes self-contained.

>

LY 4
@ dt+l

Figure 5: The structure of an RNN in two configurations.
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Architectures such as Long Short-Term Memory
(LSTM) and Gated Recurrent Unit (GRU) belong to
this category of RNNs. An RNN can be viewed as a
special case of a state space model, where a Dirac
delta function represents the probability distribution
of the system. This means the observation model
becomes:

Po(dr\d¢—q,up) = 5(dT — fo (dt—lvut))'

From the above structure, the deterministic nature of
typical RNNs. However, in specific applications such
as text generation, the output distribution can be
modeled probabilistically, rather than
deterministically.

= Stochastic Recurrent Neural Networks. To
introduce stochasticity into the modeling of
sequences especially when representing
uncertainty and capturing latent variabilitya
Stochastic Recurrent Neural Network (SRNN)
is used. In such architectures, a connection is
established between the random variables
across time to ensure consistency in variance
propagation. There are two types of
relationships.

» Indirect connection. The sampled random
variable influences the deterministic variable in
the next time step.

= Direct connection. The sampled random
variable directly influences the next random
variable.

Po Xy Zy7 s dyrlitnr) = Ty po (xelzr, dr)po(zelz,—1, dr)
po(drlde_q,us). (11)
The deterministic update step is:
po(dr\d;-1,u) = 8(dr —dy)
Po(dr\de—q,ur) = 5(dT — fo(di-1, ut))-

Using the sifting property of the Dirac delta function,
the joint distribution simplifies to:

pB(Xl:T! Zl:T|d~1:T) =1, pG(Zt|ZT—1'd~t)p€ (xtlzt' ‘it)- (12)

To train this model, as with other latent variable
models, we use the variational lower bound. The
evidence lower bound (ELBO) for the log-likelihood
of the observations is given by:

log po(Xy.r [wrr ,do) (13)
= Eq(log Po (X1 217 |Uy.r, do)
—log q9(zy.7| X1 Uar, do) = F(6,0)

To compute this bound and train the model, we
must choose a suitable variational distribution (i.e.,
inference model). As in previous sections, we adopt a
delayed probability distribution for the inference
network. An important note about this architecture is
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that, due to the temporal dependencies between
random variables, generating valid random samples
may require access to future time steps—introducing
computational and design challenges.

3 DISCUSSION

In a sequence generator model, it is essential to
statically incorporate uncertainty into the modeling
process. More precisely, the random mapping layer
must also depend on previous time steps to ensure that
a certain level of stochasticity is included in the
model. This concept aligns with the state space
model, with the difference that the structure of the
recurrent autoencoder neural network has been
modified. In other words, the hidden layer now
follows a structured form, obeying a first-order
Markov process, as illustrated in Figure 7. Compared
to the model in Figure 6, the recurrent neural network
architecture is enhanced by introducing links between
hidden variable, enabling stochastic information flow
across time. This brings the model closer to state -
space representations influenced by Gaussian noise.
As a result, state transitions become nonlinear,
increasing training complexity in stochastic RNNs
due to the need for inference over future states.

3.1 Simulation

In this section, we compare the simulation results of
the original model structures and the newly modified
architecture. To do so, we use three benchmark
systems, described below.

3.2 Linear Gaussian System

The first system used for simulation is a Linear
Gaussian system, described by (14):

Xgsr = [07 08 0 1 ]X+ [-101]u,+ W,
yk = [1 O]X'k + Vg. (14)
Where:
= Wp: process noise;
" v.: measurement noise.

Both W, and v, follow zero-mean Gaussian
distributions. The variance of the measurement noise
is 1.0, while that of the process noise is 0.5.For
training and validation, the input is uniformly
sampled from the range . Both datasets are generated
using 50 independent runs, and the results are
averaged.mFor testing, the input is a composite
sinusoidal signal:
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Uy, = sin(2kn10) + sin(2kmn5),
uy, = sin(102km) + sin(52kn),

The simulation includes:
= 6,000 samples for training;
= 2,000 samples for validation and testing.

3.3 Narendra-Li Benchmark System

This system, originally proposed by Narendra, is a
hypothetical nonlinear system with no real-world
physical implementation. It has been widely used as
a benchmark for nonlinear system identification.

The system’s dynamics and outputs are defined by
(13) and (14). In this context, represents the
measurement noise. Unlike the original benchmark,
which does not include noise, the Giri-modified
version introduces Gaussian noise to increase the task
complexity: ex~N(0,0.5)

3.4 Third Benchmark System

The third benchmark system is the Wiener—
Hammerstein process, selected to demonstrate the
effectiveness of the introduced structures. This
system includes process noise, and the data was
collected by researchers at the University of
Eindhoven. it is available on the nonlinear benchmark
systems website.

4 RESULTS

This section presents the results related to the
identification (modeling) of the benchmark systems
introduced earlier. All simulations were performed
using the Monte Carlo method. Specifically, for each
input, 100 samples were generated from the encoder’s
output. The decoder output is calculated as the
average of these 100 samples, representing the mean
mapping across simulations. Table 1 also shows the
proposed NN comparison table (the proposed NN

218

comparison results), which presents the RMS and
NLL metrics for the studied structures.
4.1 Performance of the Model for the

Gaussian Linear System

For this simulation, the hidden layer of the recurrent
neural network has a dimension of 80, and the random
layer has a dimension of 10. A regression layer is also
used for modeling. The input sequence length is set to
60. The effective error value and the negative log-
likelihood were calculated as 104 and 0.99,
respectively, for the structured neural network
variable encoder. For the structured recurrent random
network, these values are 0.93 and 0.94.

4.2 Narendra-Li Benchmark System
Results

Figure 8 presents the output of the proposed models
for the Narendra—Li benchmark system, comparing
the Structured VAE-RNN system and the Structured
STORN model.In this case, the model architecture is
identical to the previous one, except that the input
sequence length is 50. The effective error value and
the maximum similarity function for the structured
variable autoencoder—structured recurrent neural
network were 0.92 and 0.76, respectively. For the
structured stochastic recurrent neural network, the
values were 1.01 and 0.96. In other words, for this
benchmark, the modified structured recurrent neural
network with the variable autoencoder performed
better.
4.3 Wiener-Hammerstein Benchmark

System Results

Figure 9 illustrates the output of the proposed models
for the Wiener—Hammerstein benchmark system. The
structure used here is the same as in the previous
simulations, with the difference that the input
sequence length is 150.
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(a) Generative model pgy (b) Inference network ¢

Figure 6: The architecture of a generative SRNN.
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Figure 7: Modified recurrent neural network model (Autoencoder structure).
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Figure 8: Presents the output of the proposed models for the Narendra—Li benchmark system.
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Figure 9: The output of the proposed models for the Wiener Hammerstein benchmark system.
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Table 1: RMS and NLL Metrics for the Studied Neural Network Structures.

Figure 10: The performance of the Structured VAE-RNN and Structured STORN systems.

Model RMS Error - Toy-| RMS Error - Rl\\/{lsielj‘gr‘fr " | NLL- Toy- NLL - NLL - Wiener-
LGSSM Narendra-Li . LGSSM Narendra-Li Hammerstein
Hammerstein
VRNN 1.48 0.89 0.86 1.82 1.31 1.33
VAERNN 1.56 0.84 0.74 1.95 1.34 1.29
STORN 1.43 0.64 0.74 1.79 1.20 1.01
SVAERNN | 108 (126% vs [0.76 (19.5% vs| 0.63 (115% vs [ 0.93 (152% vs [0.91 (132% vs| 0.91 (129% vs
VAE-RNN) | VAE-RNN) | VAE-RNN) VAE-RNN) | VAE-RNN) | VAE-RNN)
S.STORN 0.94 (134% vs |1.01 (158% vs| 0.74 (NoAvs | 0.92 (149% vs [0.92 (123% vs| 0.92 (9% vs
STORN) STORN) STORN) STORN) STORN) STORN)
For the structured variable autoencoder— 0.92. Figure 10 shows the performance of the

structured recurrent neural network, the effective
error value and maximum similarity function were 63

and 0.91, respectively. For the structured stochastic
recurrent neural network, these values were 74 and
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Structured VAE-RNN
systems on the Wiener—Hammerstein benchmark.

and Structured STORN
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S CONCLUSIONS

Latent variable models, adapted from machine
learning, provide a powerful and flexible framework
for nonlinear system identification by learning
probabilistic state representations that capture
complex system dynamics. With only minimal
structural adjustments, these models can match - and
in many cases surpass - traditional identification
methods in both accuracy and generalization
capability. Their ability to represent uncertainty and
model nonlinearities makes them particularly well-
suited for scenarios where conventional approaches
struggle. The results of this study highlight the strong
potential of integrating generative modeling
techniques into control-oriented applications,
enabling more robust, adaptive, and data-efficient
system designs. As these models continue to evolve,
their incorporation into real-time control and
decision-making pipelines could offer significant
advantages in fields such as robotics, autonomous
systems, and industrial process optimization.
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